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Task 1 (20%): Realization theory, Kalman
filter,Prediction error Method

length(0 : h : ty) (1)
length(0: h : ty) (2)

a) Assume known impulse responses
H,=DA*'BY k=1,---,6. (3)
Answer the following:

e Write down the Hankel matrices Hy ), and Hyj;, where you should
use L = 2.

e How are Hy|;, and Hy;, related to Or, Cy and A ? (Here Oy, and
C; are the extended observability and controllability matrices, re-
spectively.)

e Show how you can find the system order, n, the extended observ-
ability matrix O, and the extended controllability matrix C; from
a Singular Value decomposition (SVD).

e Find a formula for calculating the system matrix A ?

b) Given a system modelled by a discrete time, state space model as follows

Tyl — Al’k + Buk + Vg, (4)
yp = Dxy+ Buy + wy, (5)

where v, is white process noise and w, is white measurements noise.
Assume that the noise are uncorrelated, i.e. E(vyw}) = 0.

e Write down a Kalman filter on apriori-aposteriori form for optimal
estimation of the state vector x.

e Find a formula for the Kalman filter gain matrix, K, in the Kalman
filter on apriori-aposteriori form.

e Show how the apriori-aposteriori formulation of the Kalman filter
can be written as a Kalman filter on innovations form.

c) Given a non-linear system

T = fog, ug) + v (6)
Uy = g(wr) +wy (7)



where v, and wj are discrete white process noise and discrete white
measurements noise, respectively.

Formulate the Kalman filter on apriori-aposteriori form for the non-linear

system model in Egs. (6) and (7).

d) The Kalman-filter on prediction form is often used in connection with
Prediction error Methods (PEM) for system identification.

e Write down the Kalman filter on prediction form for the system in
Egs. (4) and (5) ?

e Define the Prediction Error (PE) ¢ ?

e Assume that we want to use PEM to find the parameters in a single
input single output system with n = 2 states. Write down the
structure of a 2nd order model on canonical form and define the
parameter vector 6 ?

Task 2 (20%): Autonomous systems
Assume given measured outputs

Yy Vk=0,...,N—1 (8)
from an autonomous system described by the model

Tpr1 = Azg, (g # 0 The initial state) (9)
yr = Duy, (10)

where x;, € R™ is the state vector and x is the initial state vector at the initial
time instant & = 0.

The problem in this task is to identify the system order n, the model matrices
A and D as well as the initial state vector x !

a) Matrix equations:
e Write down one matrix equation involving the Hankel matrix Yz,
the extended Observability matrix Oy and a matrix X, with states.

e Write down one matrix equation involving the Hankel matrix Yz,
the extended Observability matrix O, a matrix X, with states and
the system matrix A.

e Define the structure of the matrices Yy, Y1), and Xo.

e What is the importance of the matrix A in eq. (9) ? Explain some
properties !



b)  Describe how n, Oy and X, may be estimated from a Singular Value
Decomposition (SVD) of one of the Hankel matrices Yo or Yy 7

¢) Find a formula for estimating/calculating the system matrix A ?

d) How can we find estimates of the output matrix D and the initial state
vector xq 7



Task 3 (25%): Least Squares Methods

a)

Consider a general ARX model

A(@)yr = B(q)u. + ex, (11)

where e is white noise with covariance matrix A = E(egel). e is
assumed uncorrelated with ug. A(g) and B(g) are polynomials in the
shift operator ¢! such that e.g. ¢ 'y = yr_1 and given by

Alq) = 1+ aq P a4+ an,q ", (12)
B(q) = bo + bqul —+ b2q72 4+ 4 baninb, (13)

and where n, and n;, are the order of the polynomials.
e Write the ARX model as a linear regression model of the form
Yk = ©ibo + ek (14)

In particular, define the regression vector, ¢, and the parameter
vector, 6.

e Based on the regression model in Eq. (14) above, find a predictor,
Uk(0), for the measurement y.

e Define the prediction error, .

Consider the following prediction error criterion

N
1
k=1

where A is a specified and symmetric weighting matrix.

e Find the Ordinary Least Squares (OLS) estimate, O, of the true
parameter vector 6.

e Does there exist an optimal weighting matrix A 7 If so, what is the
name of the corresponding estimate and the optimal A?

Assume given t observations of a variable y;, say
ye VE=1,...,1 (16)

The mean after ¢ observations is given by

Find a recursive formula for calculating the mean ?

4



d) Assume that the observations gy as given in (19) above can be expressed
as

Y = 9+€/€7 (18)

where 6 is a constant parameter and e, is a white noise disturbance.

Find a recursive algorithm/formula for calculating an estimate 6 of 67

e) Based on the OLS solution in Task 2b) above, show how we can develop a
recursive Ordinary Least Squares (ROLS) method of the following form

ét = ét—l + Kt(yt - @zét—l)- (19)

You shall in particular find equations for computing the gain, K, in
Equation (19).

Task 4 (20%): Subspace System Iden-

tification: Deterministic and combined
systems with feedback in data

Consider the discrete time deterministic model, ie.

Thy1 — Aa:k—i—Buk, (20)
Yo = Dxp+ Euy, (21)

where the following output and input data matrices are known

Yy U
y=|" e RV y=|_" e RNV (22)
yjj\}—l u%—l

a) Based on the model in Equations (20) and (21) and with known data as
given in (22) we can develop the following matrix equations

Yoir = OrXo + H{Upjr19-1, (23)
Yio = ALYor + BrUojp4g, (24)

where L > 1 is a user specified positive integer.

e Write down the structure of the matrices in the matrix equations,
(23) and (24), with parameters N =10, L =2, J =2 and g = 1.

e Write down the expressions for the matrices A; and By !

5



b) By using (22) and Equations (23) and (24) we may formulate the equa-
tions

Zop, = O X§ (25)
and
Zir = AL Zo1 (26)

Find expressions for the data matrices Zo;, and 2z

Remark: define the projections which is involved in the expressions for
Zl|L and ZO|L-

e Show how the system matrix A can be estimated ?
e Describe shortly how the matrices B and E may be estimated ?

d) Consider a combined deterministic and stochastic system described by
the following model on innovations form, ie.

Trr1 = Axg + Bug + Cey, (27)

Yy, = Dxy+ Fey (28)

where e, is white noise with unit covariance matrix, i.e., E(egel) = T
and where the output and input data matrices as in Eq. (22) are known

Consider that the known input and output data as given in (22) are
collected in closed loop, i.e., we assume that there is feedback in the
known data.

From Eq. (28) we may define the matrix Equation
Yju=DX;1+ FEjm (29)

e Define the Hankel matrices Y, X and Ej;.
When J — oo we can prove that the following identities holds

X=X/ { gglj } (30)
and
Ejpn/ { gglj } = 0. (31)



Use (30), (31) and (29) to find a projection
Zin=FEn (32)
such that the innovations sequence

:;\1 = [ F€J F€J_|_1 Ce F€N_1 ]

= [EJ EJj+1 - -- 6N—l} (33)

is estimated and hence could be considered as known.

e Explain how this projection can be used in order to develop a sub-
space identification algorithm for closed loop systems?

Task 5 (15%): Diverse questions
a) Given a 1st order system (ie. a system with one state)

Tyl — lek + quk + 01ek, (34)
Y = Tkt e, (35)

where #; and 0y are unknown parameters and e, is white noise.

Find a linear regression model of the form
_ T
Y = 1,0 + ex. (36)
Define the parameter vector 6 and the vector ¢, of regressors.

b) Consider there is a relationship between a variable y; and the time ¢
where k =1,..., N is discrete time.

Assume the following polynomial relationship between y; and t;
Yk = ag + arty + asty + e (37)

where ag, a; and ay are constant parameters and e; is some equation
€error.

e Find a linear regression model of the form
Yr = @10 + ep. (38)

Define the parameter vector 6 and the vector ¢y of regressors.



e From the known data (yx,?;) formulate a linear matrix model
Y =XB+E. (39)
Define the matrices Y, X, F and B.

e Find an expression of the OLS estimate Borg of B 7

Orthogonal projections. Consider the linear equation
Y=0X+FE, (40)

where the matrices Y € R™YN and X € R™" are known matrices. The
matrix F € R™*N is a matrix of noise and uncorrelated with X. We
assume N > n.

e Define the mathematical definitions for the orthogonal projections
Y/X and Y X+ ?

e Write down a two dimensional figure to illustrate the projections?
e sY =Y/X +YX* correct or not ?



