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Abstract. In this paper we present a method for

structure for linear multivariable time invariant syst
feedback from a reduced state vector can be designed by this method.
optimal in the sense that it yields a minimum of a quadratic cost criterion an

that it yields a higher value of this criterion than a controller without restrictions.
he feedback system. This means that the feedback

makes it possible to specify a stability margin on t

system will have eigenvalues located to the left of & certain line (-a)in ¢

parameters of the controller are collected in & parameter vector. The algori
mal” parameter vector. The algorithm ensures that the

the case of an initially stable plant, and after the final

Newton-method for searching towards the "opti
closed loop system is stable at any iteration in
iteration in the case of an initially unstable plant.

design of controllers with a prescribed degree of robustness, in

the closed loop system, is presented.
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robustness.

1 INTRODUCTION

Levine and Athans (1970) gave a necessary condition for "op-
timality” when a feedback is established from a reduced state
vector for a linear time invariant system. This result involves
the solution of a set of nonlinear matrix equations which is
a difficult task. This same problem is dealt with in Solheim
(1976). The above method doss not allow specification of a
decentralized control structure.

Kosut (1970) generalizes the result into two algorithms for
the determination of a suboptimal decentralized controller.
Suboptimal here means that the controller does not necessar-
ily give & minimum of the criterion. Furthermore, neither of
the methods presented by Kosut guarantee that the closed
loop system will be stable. This must be checked explic-
itly. Geromel and Bernussou (1979) present an algorithm
for the design of suboptimal decentralized controllers based
upon a search method of "feasible directions”. This algo-
rithm is based upon the solution of two linear matrix Lia-
Punov equations at each iteration, and needs to be initialized
with a stabilizing control. An advantage of this method is
that it guarantees a stable solution at each iteration. How-
ever, thé algorithm converges very slowly because it is based
upon searching along a line in the gradient direction. It also
turns out that the algorithm solves an unnecessary problem,
?‘mﬂly the determination of the gradient of the criterion
:i" the case of no restrictions on the controller and there-
ter sets the gradients in the undesired directions to zero.
for & mel and Bernussou also do not indicate any possibility
r including a specified stability margin in the criterion.

:inm'h" algorithm has been presented in a paper by Di Rus-
ﬁ:h:d Balchen (1990). The basic principles of this algo-
of will be reviewed below and an extension to the design

Tobust controllers will be made. The algorithm to be pre-

OF ROBUST SUBOPTIMAL

CONTROLLERS WITH A

the design of controllers with a specified arbitrary

ems. Both decentralized controllers as well as
The controller will become

d suboptimal in the sense
The algorithm

he complex plane. The unknown
thm is based upon 2 modified

Based on this method, another algorithm for the
the sense of an additive perturbation in

em design; decentralized control; linear optimal control; optimization;

gented here allows us to design "optimal” decentralized con-
trollers with specified structures. It is only necessary to solve
one matrix Liapunov equation at each function evaluation,
which guarantees the stability. Furthermore, the algorithm
does not involve any unnecessary computation because the
gearch for the unknown parameter vector is done in the gra-
dient direction. ’
If an initial stabilizing controller exists, for example the zero
control if the nominal system is stable, a method for un-
constrained optimization is employed in the algorithm. In
this case the closed loop system is guaranteed to be stable
at each iteration and the solution converges to a local mini-
mum. In the case that the system is initially unstable, and
an initial stabilizing controller does not exist, constraints to
ensure that the final closed loop system is stable are added
to the problem, and & method for constrained optimization
is employed. The specification of & certain margin of stabil-
ity for the resulting closed loop system is based on Anderson
and Moore (1971). Based on the method presented in Di
Ruscio and Balchen (1990), another algorithm for the design
of controllers which in addition to the above properties have
a prescribed degree of robustness, in the sense of an additive
perturbation in the closed loop system, is presented in this

paper.

Section 2 will define the problem. Section 3 presents a method
for the design of linear controllers with 2 specified arbitrary

structure. Section 4 deals with the problem of tuning con-

trollers, which may possess some structure, for initial un-

stable plants. Section 5 deals with the problem of tuning
controllers, which in addition may have a prescribed degree
of robustness. In Section 6 some examples are presented, one
on the use of the algorithm for the design of controllers for
& binary distillation column , one for tuning controllers for
an initially unstable plant and another for tuning a robust

controller.
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Definition 1. The elements in the r x n dimensional struc-
2 PROBLEM DEFINITION e ratrix T s defined by: Al
Assume a time invariant linear system of the form ; fi = 1 ifg;#0 ©)
Y0 if gi; = 0
¢ = A B 1
* S o We note that F satisfies FzG = G where z denotes element
and the quadratic objective functional by element matrix multiplication.
oo r Definition 2. Given a general r x n matrix G. The p- dimen- ¢
I= e (2 Qz+u'P E) dt () sional parameter vector § can be formed from the column
' vectors of G given a matrix structure defined by F. We will
where a > 0 is a real number, z is an n- dimensional state introduce the column structure atring (css) operator in or-
vector, u is an r- dimensional control input vector, A and B der to effect such transformations:
are constant matrices of appropriate dimensions and Q and ;
P are n x n non-negative and r x r positive definite weighting 8 = css(G, F) (20) '

matrices, respectively.
The problem is to design a controller matrix G of dimension
r x n so that the system ( 1) gets the linear feedback

In order to effect the transformation from the vector 8 to a
matrix G, when a matrix structure is defined by the matrix

F, we introduce the inverse column structure string opera- | No

u=GCz (3) {or: | ma

G = css~Y(6, F (11) We

and so that the following requirements are satisfied =css7'(6, F) nor

) -y h

¢ G has an arbitrary specified structure (diagonal, block- Let p = dim 6 which is equal to the number of nonzero :i’m

diagonal, sparse etc.). elements in F. The problem of determining the optimal feed- 9.
back matrix G is thereby converted to that of determining § z

o G is determined so that the quadratic performance cri- from the following optimization problem (where for the sake D"
terion ( 2) is minimized. of simplicity ¢, = 0). !

o G is determined so that the system ( 1) with controller (A+al+BG)TR+R(A+al +BG)=—(Q+ GTPGY12) 'I;h‘

( 3) gets a specified stability margin, ie. all eigenvalues the

with real part less than —a. con

) ) _minJ = minJ = tr(z(0)zT(0)R) (13) the

o G is determined so that the closed loop system gets a A ) < the

ibed d f robust in the sense of additi )
ﬁzzb:tio:fmo robustneas, in fhe ° e It is seen that the initial state z(0) appears in ( 13) which ;}ls

. ) . . . means that the optimal criterion value depends on the initial
tl‘he algorithm will make it possible to de.ten?nne decentral- state. If we do not impose restrictions on the controller, rea
ized P, P] and PID controllers for multivariable processes the optimal solution G of ( 13) will be independent of z(0).
i0 B EYRLemAticHmanmer: Fu.rthcrmorc.z the detmatxon ?f However, when the controller is to have a special structure,
feedback from a reduced state vector is made possible. This the optimal solution G will depend on the initial state. This

means that the controller matrix G has certain rows with problem can be avoided by regarding z(0) as a stochastic "h(
only zeros. : : eig
y L. variable and assuming
If an m-dimensional vector y of measurements is given by cor.
the linear equation E(z(0)=0 , E(z(0)zT(0))=1I (14) The
y=Dz *) For a given G, ( 12) will become & matrix Liapunov equa- opt
then the problem above may be formulated as the output tion with R as unknown. If G is such that (A + of + BG)
feedback design problem. The linear feedback is in this case is & stable matrix and (Q + G7 PG) is positive definite, then
given by there is a guarantee that the solution R of ( 12) will be
- - positive definite and symmetric. The symmetry is guaran- h
u=Gy=G,Dz ) (5) teed because the right-hand side of ( 12) is symmetric and ::
An alternative criterion to (2), to be minimized subject to the positive definiteness is known from Liapunov’s second suk
(1) and (5), is method&. Note that g;en the control input weight matrix
00 P = P* > 0 then G'PG > 0 and that Q is assumed to
J= /, ¢’ (' D"Q, Dz + u” Pu) dt (6)  be non-negative. This implies that (Q + GT PG) is at least 4
) : ) = non-negative. Note also that for a solution of the Liapunov
;Ic:}rnsQ Pﬁbg;nq“’;h:n’duge :’ ghalt) mN(zt) 3:;:31 t{:g "}b“';'j“;“d equation to exist, the eigenvalues A of (A + al + BG) must
the dimension : xm yD. Note that Gy in (5) has “"_i’f.‘f Mi+X;#£0, £,5 =1,..,n and that the solution is not
g unique when (A4 + al + BG) is singular. This means that a
unique solution exists when (A + al + BG) is stable. In
ear
> The matrix Liapunov Equation ( 12) is linear in R for 2 wh
3 SOLUTION ALGORITHM ?(vﬂmg I?aordner to determine the value of the functional Sy
Independent of how G is determined the following must be = ﬁ)lell:ft() ) cvmnas o deteemined from ( 12) and vhis -
satisfied (Bryson and Ho 1969) tore an 1mportant part of the optimization problem. n
r A special study has been done to find the best method for i thi
min J = e**127(1;)Rz(t)) = e***tr(z(t)z” (L)R)  (7) solving matrix Liapunov equations (Di Ruscio 1988). In this G.
3 work we used the method by Chen (1968). However, Chen's p
where R must satisfy the matrix equation method has little to recommend it from a numerical point U

N _ of view compared to applying the Bartels-Stewart algorithm
(A+al + BG)'R+ R(A+al +BG)+Q+G"PC=0(8)  (1975y or the algorithea by Golub aud Yes Lo (1979).
The parameter vector @ is defined as the unknown nonzero Introducing k as an index of iteration, the following algo-
elements in G. In addition comes a matrix F which specifies rithm is developed for determining the value of the functional
the structure. This is described in the definitions below. J(8s) for a given §,.
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Algoﬁthm 3.1 , computing J (8)

1, Givena parameter vector fy. Transform fj to the feed-
back Gi with feedback structure given by F, ie.

Gr = css7 (8, F) (15)

9. Determine R, for a given G whichis a solution to the
matrix Liapunov equation

(A+al + BGy)" R + Ri(A+ el + BGi) =
—(Q+GiPG) (16)

3. Determine the value of the functional
J(8:) = tr(Re) ()

Now a search technique for the determination of the opti-
mal parameter vector § can be employed (Schittkowski 1984,
Wolfe 1978). The optimization problem in ( 12) and ( 13) is
ponlinear in §. We now propose to employ a Newton method
where the gradient of J(6) with respect to @ and the Hes-
sian matrix are determined numerically by perturbation of
g. The optimization algorithm is described in Wolfe (1978).
A detailed description of the solution procedure is given in
I Di Ruscio and Balchen (1980).

The algorithm assumes an initial value of 8 which stabilizes
the closed loop system. If the process (without closed-loop
control) is stable the initial value of 8 can be set to gero. If
the nominal system is unstable, constraints to ensure that
the final closed loop system is stable may be included in the
algorithm. This problem is further discussed in Section 4.
Note that the functional value must satisfy J(8) > 0. The
reason for this is simply because

J(8) = tr(R) = tr(STAS) = #r(A) >0 (18)

eigenvector matrix and R is positive definite. The case J=0
corresponds to the case with @ = 0 and no control.

The suboptimal cost may be compared with the expected
optimal cost by the performance index

_ _tr(R)
7= i (Re) >1 (19)

where Rop is the optimal solution to the problem, ie. the
case without constraints on the controller structure. The
suboptimal cost can also be compared with any other cost.

4 THE OUTPUT FEEDBACK
DESIGN AND THE STABI-
LIZATION PROBLEM

In Section 3 we have solved the problem of designing & lin-
car optimal constant feedback from a (reduced) state vector,
[ where the feedback matrix G may have some structure.
Suppose that one now introduces the constraints that the
control u be generated via output linear feedback, as stated
in Section 2, Equations (4), (5) and (6). The solution to
this problem is the same as that in Section 3. Substituting
G — GyD and Q@ — D7Q,D in Equation (8) gives

(A+al +BG,DYR+R(A+al+ BG,D) =
-(D*Q,D +(G,D)'PG,D) (20)

If an initial stabilising matrix Gy is available, then the op-

dgtu-minetheoptxmalpnnmetcrwctorﬂ.

e e R |

where A is a diagonal eigenvalue matrix, S is an orthogonal .

timisation :lgo:itl.lm presented in Section 3 is sufficient to

If the ’y'm 18 open-loop unstable, then we have two p‘IOb*
lems to d with, one of existence and one of the construc-
tion of a stabilizing feedback matrix. The existing problem
has a yes/no answer. This problem is dealt with by, among
others, Anderson et al. (1975), (1977). If a construction
algorithm fails, it indicates non-existence of a stabilization
controller.

The construction problem may be solved by adding some
constraints to the optimization problem in Section 3 to en-
sure that the final closed loop matrix A+ BG or A+ BG,D
is stable. Routh or Hurwitz conditions may be used to deter-
mine constraints from the closed loop matrix characteristic
polynomial, however for this problem it seems to be more
elegant to restrict the solution R of (20) to be positive semi-
definite. If a non-negative R is found, and the system is
detectable, then the closed loop system is stable. This is due
to Liapunov’s second method.

Constraints may be set on the eigenvalues of R, however it
may be better with determinant (Sylvester) conditions. In
addition we suggest to specify simple bounds on the optimal
controller parameter vector §. Then we have the following
optimization problem.

m.inJ . néinJ =tr(R) (21)

subject to inequality constraints

c; =det(Ry) 20, i=1,..,n (22)
and fixed bounds
o < 6 < 07, i=1,00p (23)

where R is the solution to the linear matrix Liapunov equa-
tion (20) or (12).

Two well known optimization algorithms, NPSOL by Gill et
al. (1986) and NLPQ by Schittkowski (1984) may be used
to solve the problem. In this work we use NLPQ, which has
been found to be reasonable. A numerical example of the
design problem of an unstable plant is given in Section 6.2.

5 DESIGN OF ROBUST
CONTROLLERS

In this section we want to discuss the problem of stability
robustness of the closed loop system due to additive per-
turbations in the closed loop system. This problem can
be solved by implementing an outer optimization loop for
the determination of the state weight matrix Q and control
weight matrix P such that the closed loop system, in ad-
dition to minimizing the LQ-criterion, also minimizes some
robust criterion. One such robust criterion is the structured
singular value (), Doyle (1982). This problem is solved by
Valderhaug, Di Ruscio and Balchen (1990) for the case of no
restrictions to the controller structure.

The stability of the closed loop system A + BG due to per-
turbations may be related to the solution of the Liapunov
equation. Given the nonlinear perturbed system

&= Az + Bu+ f(z) (24)
and the linear perturbed system

g=Az+Bu+ Ez (25)
with linear feedback given by (3), then we have the following
result from Patel et al. (1977) and Patel and Toda (1980).
Given the robust quantity

_ g(Q+G™PG)  a(R)
B=""gm) IR (26)
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then, if the nonlinear function f(x) satisfies the condition

%%Esnvzen" (1)

and the perturbation matrix E satisfies the condition
IE|s = 7(E) < » < (28)

then the closed loop systems (24) and (25) are stable.

Here || - ||z and || - ||s denote the Euclidean and the spec-

tral norm, respectively. ¢ and 7 denote the minimum and

maximum singular value, respectively. The extension to the

output feedback case, as described in Section 2 and 4, is

straightforward.

Now assume for simplicity that the contro) input weight ma-

trix is of the form

P =P (29)

where P, is 2 nominal control input weight matrix, for exam-
ple a diagonal matrix. The scalar parameter p is introduced
to tune the feedback system to a desirable degree of robust-
ness given by

Hmin < p(p) < prmas (30)
where p(p) is given by (26), and pimin a0d fimae are positive
scalars specified by the designer, which defines the desirable
Jevel of robustness. fimin 80d fimas may be equal.
An alternative method, which may be better because it does
not need any tuning parameters, only an initial choice of Q
and P, are described below. This algorithm for tuning robust
controllers, which may have some structure, to a desirable
prescribed degree of robustness yo is

minJ, = mjn J, = (o - Y (3
subject to inequality constraints
¢ =det(Ry) >0, i=1,..,n (32)
and fixed bounds
' < 6; < 6™, i=1,..,p (33)

where R is the solution to the linear matrix Liapunov equa-
tion (12) and pq is the desired degree of robustness specified
by the designer. The constraints in (32) are added to the op-
timization problem to ensure closed loop stability, and the
simple bounds (33) to ensure bounded control parameters.
- An illustrative example of this robust synthesis algorithm is
given in section 6.3.

6 NUMERICAL EXAMPLES

6.1 Example 1, distillation column.

In this example we wish to use the algorithm to determine a
multivariable PI-controller for a binary distillation column.
We impose the restriction that the only states available as
measurements for feedback are the compositions at the top
(zs) and the bottom (z;). For comparison we will also study
the system under control when all states (compositions at
all trays) are available. Data for the column are given in
Appendix A. The control structure is shown in the block di-
agram, Fig. (1), where H,, is a symbol for the plant (model).
If only the composition dynamics are considered a lineariza-

G, ]2

I
I

b Ay G b =X

Figure 1: System with multivariable Pl-controller.

l

tion of the non-linear model (see e.g., Di Ruscio 1987) will
give the following linear model

g = Az+ Bu+Cu (34)

y = Dz (35)
where A, B and C are given in Appendix A. A state space
model for the multivariable PI-controller with y, = 0 will be
= Dz (36)
= G1¥+ ng = G1D§ + Gzl (37)

2 e
|

In the augmented state-based form this will become

2] = [58][z]+[0]e+[]e @

u f”[i] (39)

where G = [ G\D G; ] We now use the algorithm in
Section 3 employing the following values of the state weight
matrix Q and the control input weight matrix P

Q=diag[ @1 Q] (40)
Q =diag[10° 0 0 0 0 00 100]  (41)
Qa = diag [ 200 20 | (42)
P=diag| 1 1] (43)

As is seen only deviations around the stationary values (set-
points) for the top and bottom compositions are considered.
Rules for the choice of the weighting matrices Q and P are
given in Balchen (1988). We choose to have one order of
magnitude more weight on z; than z; to compensate for the
relative difference in numerical values of z, and z,. The re-
sults for some different structures of the controller are listed
below. The index «, Equation (19), is used to compare the
suboptimal costs in case 1 and 2 with the optimal cost in
case 3.

Case 1. Feedback from g, and z,.
In this case the measurement matrix D is given by

10000000
D=[00000001] (44)

The following subcases are considered
a. Multivariable PI-controller

_ [ —1319 -275 _[-11 =36
Gl—[ 197.8 —11.2] G"[u.gs —0.14]

J(G)=925413 4 =1.03 (45)

b. Diagonal Pl-controller (correct pairing)

[ o -22 0 -33
Gl-[m.o O]G’=[10.8 0]

J(C) =97560.1 4 =1.08 (46)

c. Diagonal PI-controller (wrong pairing)

_ [ 3344 0 -342 0
G"[ 0 —11.2] G’=[ 0 -1.9]

J(G)=130452.4 ~ =145 (47)

Case 2. Feedback from gz, and g, with specified mar-
gin of stability.

We specify that the closed loop eigenvalues should be located
to the left of a line —a = —0.01 in the complex plane. The
controller structure is the same as in case 1b.

20
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A

0 -202] o _ 0 -16.1
G1= | 257.6 o] "2 323 0
J(G) =137578.2 ~v=1.53 (48)

e 3. Feedback from all states.
%or comparison with the above controllers we compute the
controller which has feedback from all states (compositions
on all trays). The result is found using the above algorithm.
It could also have been found by solving the Riccati-equation
directly.
-152.2 -104 -13 -06 -12 -24 -51 -229

G = [ 2123  15.1 24 02 -06 -15 -29 -9.3 ]

G = [ o, it ] J(G)=899941 v=10 (49)
The following comments can be made about these results:
Applying restrictions on the controller-structure will gener-
ally lead to higher values of the objective functional J. Note
that it may in rare situations happen that the optimal con-
troller turns out to have a specific structure. Imposing a
specified stability margin also increases the objective func-
tional. The system must act faster. For case 2 we see that
the absolute values of the elements in G; has increased while
G, is approximately unchanged compared to case 1b. This
means that the integral time T, has decreased while the pro-
portional constant k; is approximately unchanged in both
control loops. This is seen from the relations (correct pair-
ing case)

G‘=[kg ké] a,:[;,:;::] (50)

6.2 Example 2, unstable plant

Consider the open loop unstable plant

0 1 0 -11
06 0 1| B=| 10 (51)
2 -1 -2 01

-[227] T @

A=

The weighting matrices are chosen as

1 1 o0 10
Q=¢D'D=|1 26 -5 P=p[ ] (53)

0 -5 1 01

The designer has the freedom in choosing the scalar weights
q and p. Starting with the zero control , g =1land p=1
the following controllers are found.

2. Full output controller

. —0.966 0.069 _
G=[ 0.066 1.643] JG)=80t (34

b. Diagonal output controller

—0.986 0 _
a=[ 6 1_583] J(C)=805  (55)

c. Diagonal output controller

G= [ o 2'1“8] JG)=1125  (56)

P

6.3 Example 3, robust controller
Consider the system

0
1
] (38)

The problem is to design a diagonal feedback matrix G such
that the system

g=(A+BG)z+Ez (59)

ig stable for any perturbation matrix E which satisfies the
bound

3E) < p=4 (60)

Using the design algorithm in Section 5, Equations (31}, (32)
and (33) with uo = 4, gives the controller

—5.797 0
G= [ 0 —2.878 ] (61)

7 CONCLUSIONS

An algorithm has been developed for the "optimal” tuning of
linear feedback controllers, from the states or from a reduced
state vector or from the system outputs, which may have
some structure. If an initial stabilizing controller is available,
it has been shown that the application of a modified Newton
method for unconstrained optimization facilitates a relative
simple solution to the problem of determining 8 multivari-
able controller with possible restrictions to its structure. If
an initial stabilizing controller does not exist, constraints to
ensure that the final closed loop system is stable are added
to the optimization problem, and a method for constrained
optimization is employed.

The algorithm needs only the solution of one matrix Lia-
punov equation for the determination of the value of the
functional to be minimized at each iteration. This is a rel-
atively simple task even for large systems. Furthermore the
algorithm is believed to be useful in the design of decentral-
ized controllers where a special structure iz desirable. An
interesting feature, in our opinion, is also the fact that the
solution will always be stable, at each iteration step in the
case of an initially stable plant, and after the final iteration
in the case of an initially unstable plant. This algorithm can
in the same manner be used to design stable decentralized
estimators.

Another algorithm has been developed for the tuning of lin-
ear feedback controllers, which may have some structure and
in addition have a prescribed degree of robustness.
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APPENDIX

Distillation column data.

Assumptions
o Constant molar flows
¢ No vapor holdup (immediate vapor response)
o Vapor liquid equilibrium and perfect mixing on all trays
Column constants
Number of equilibrium (theoretical) trays excluding the
reboiler N =6
Feed tray location Np = 3
Liquid in reboiler Myp = 10 mol
Liquid holdup on each tray My, =5 mol,i=1,..., N
Liquid holdup in accumulator Mep = 10 mol
Relative volatility e = 2.993
Hydraulic tray constant K = 30 m—l.,;
Control input to the system
Reflux R = 2.0 =2
Vapor flow V = 2.5 =2
Disturbances to the system
~ Feed flow F =10 22
""" Mole fraction of l.ig];t component in feed zr = 0.5
The stationary composition profile is given by

2'=[004 01 021 038 057 0.76 0.89 0.96 I

Linearizing the non-linear model around the stationary val-
ues gives the following time invariant linear mode! where
the state vector z = (dzy, ..., dzn1)7, control input vector
u = (dR,dV)T and disturbance input vector v = (dF, dzr)T
are deviations around stationary values

z=Az+ Bu+Cu

where the matrices A, B and C are given below

A=
—0.60  0.30 0 0 0 0 o 0
126 -161 059 0 0 0 0 0
0 102 -131 059 0 0 0 0
0 0 072 —1.06 0.39 0 0 0
0 0 0 048 -0.72 0.39 ] 0
0 0 0 0 032 —063 039 0
0 ] 0 0 0 023 —059 0.39
0 0 0 0 0 0 010 —0.25,
0.006 —0.007 0.0058 0
0.022 —0.027 0.0224 0
0.033 ~—0.039 0.0327 0
B | 0037 —0.03 c— | 00236 0
= | 0.087 —o0.020 = 0 0.1961
0.026 —0.021 0 0
0.014 —0.011 0 0
] 0 ] 0




