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Abstract

The paper both reviews some existing stability robustness measures for LQ-
optimal systems in the presence of unstructured additive perturbations in
the closed-loop system and also derives some new measures. Bounds on the
perturbation matrix which preserve the stability of the closed-loop system
are presented. The paper both presents time and frequency domain results.

1 Introduction

The application of the LQ approach to regulator design involves choosing the
state and control input weighting matrices, Q and P, that provide satisfactory
closed-loop performance and stability robustness.

The closed-loop performance is related to the locations of the closed-loop
cigenvalues. This problem has been investigated in earlier work by the author,
gee Di Ruscio and Balchen [2], Di Ruscio [3] and [4].

Suppose perturbations are applied to an LQ-optimal clased-loop system,
then, the stability property may not be preserved. In this case, il is necessary
to obtain some quantitative measures of the perturbations which an LQ-
design may tolerate. This problem has been studied, amonj others by, Patel
and Toda [10), Lee et al. (7] and Solheim [12].

The objective of this paper is to derive measures for stability robustness in
the presence of a class of perturbations in an LQ-optimal closed-loop system.

The paper is organized as follows: Section 2 presents the problem defini-
tions. The problem solution is stated in Section 3. A numerical example is
given in Section 4 and some concluding remarks follow in Section 5.

2 Problem formulation and preliminaries

Consider the linear, time-invariant, dynamic system
= Az + Bu )

whetre (A,B) is a stabilizable pair, and the exponentially weighted quadratic
objective functional of long or infinite settling time

o0
7= % / 2ot (o7 Qu + uT Pu) dt 2)
0

where & > 0 is @ real number, z is an n-dimensional state vector, u is an
r-dimensional control input vector, A and B are constant matrices of appro-
priate dimensions and Q and P are nan symmetrical and ra positive definite
matrices respectively. It is assumed that [Q‘} JA)isa detectable pair. The op-
timal control that minimizes criterion ( 2) and the corresponding closed-loop
system is given by

w = Gz=-P'BTRz 3)

= (A+BG)x= (A- HR)z (4)

where H is given by ( 6) and R is a solution to the algebraic Riccati equation
(ARE)

—R:(A+aI—HR)TR+R(A+aI—HR)+RHR+Q:—.0 (5)

H=BP BT 6)

The closed-loop system (4) is & stable, i.e. all eigenvalues with real part less

than —a (Anderson and Moore, m.
Define the perturbed closed-loop system as

4=(A+BG)c+Ex=(A—-HRjz+Ee (1)

where I is an additive perturbation matmx of dimension nzn. Suppose that
multiplicative perturbnti:m matrices, £, and Ey, are applied to the system
matrix A and the input matrix B. In this case, the perturbed closed-laop
system is given by

__ .~2 an@™1002 |IEEE

i = ((I+Ba)A+ (I +E)BG)z = (A+BG)z + (E.A+ EsBG)z  (8)

which is seen to be of the same form as the additive perturbed system de-
seribed by Equation (), if EgA + EyBG = E.

The problem investigated in this paper is how to obtain bounds on the
additive perturbation matrix B which preserves closed-loap stability.

The following notations are used in this paper: The eigenvalues of a square
matrix X are denoted by AX), and Amasx and Apin denote the maximum and
minimum of the cigenvalues, respectively, when they are real. The singular
values of a matrix X are denoted by o(X), and @ and ¢ denote the maximum
and minimum of the singular values, respectively.

3 Robustness measures

The main results in this sestion ave stated in Sections 3.1 and 3.2. Section 3.1
deals with time domain measures and Section 3.2 is concerned with frequency
domain measures for robust stability in the presence of additive perturbations
in the closed-loop system

3.1 Results from time domain conditions

Theorem 1
Let Q > 0and H 2 0. The perturbed closed-loop system is stable, if
the nzn additive perturbation matrix E satisfies the condition

F(REER™?) < p 9)
or

5
(E) < pa s ‘A':!("(R] :ﬂ___l__.
Ada=(R) cond3 (R)

(10)

where p is a measure of the real part of the dominant closed-1ooP
pole(s),

p %Am.-,.(QR“+RH) < —maa[Re (A - HR)] (11)

and R is the maximum solution of the ARE (5), assumed to be positive
definite.
A

Proof
The second method of Lyapunov is used to prove the theorem. The Lyapuno¥
function is chosen as

V(z)= 2T Rz (12)

where R is the maximum solution of the ARE (5). Since R >0, V(”_)_ Z
0, V& £ 0and V(z) = o0 as ||z|| — co. We require V(z) < 0 for stabilibys
then for o stability, we need

V(z)=2"TWz < 0
W:(A+aI—HR)TR+R(A+aI—HR)+ETR+RE (13)

Substituting the ARE (5) in (13), the condition
V(s) = —s7(@+ RER)s + " (ETR+ RE)® = 0 (14)
(14) is satisfied if

+T(ETR+ RE)z < «T(Q+ RHR)z (18)
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If the inequality connecting the ratio of quadratic forms (Appendix, Inequal-
ity (53)) is used on the right-hand side of Equation (15}, then we have

Amin(QR™'+ RH)«™Rz < zT(Q+RHR)z (16)
1t follows that (15) is satisfied if
2T(ETR+ RE)z < 2uz"Rzx a7
Where p is defined in Equation(11). (17) can be written
JTURYER DT + REER™3): < 2us’z (18)
where
z= Rz (19)
Note that the square root of a symmetric matrix is defined as
R} =UASUT (20)

where A is a diagonal eigenvalue matrix and U is an orthogonal eigenvector
matrix.

Using the Rayleigh principle, (Appendix Inequality (52)), in Equation
(18), we get

Amas[(REER™3)T + REERT3] < (21)
Using Inequality (55), Appendix, and the property of norms, in (21), we have
F(R*ER™%) < G(R¥)T(E)F(R™%) < (22)

and the theorem, Inequalities (9) and (10), is proved.

If only the Rayleigh principle had been used, not the ratio of quadratic
forms property as in Inequality (16), then the robustness measure due to
Patel et al. [10], Patel and Toda [11], would have been the result. Their
theorem is stated as follows

Theorem 2 (Patel and Toda, [11])
Let Q > 0 and H > 0. If the additive perturbation matrix E satisfies
the condition

. e min 1R
7E) <y % Dmia@H D) w

where R is the maximum solution of the ARE (5), then the perturbed
closed-loop system is stable.

A

The relation between measures (10) and (23) is shown below.
We have

)\min(R—l)I S R_l S )‘ma:v(R_l)I (24)

Pre-multiplication with (@ + RH R) we get
Amin(R71)(Q+ RHR) < (@4 RHR)R™ < Ama(R™1)(Q + RHR) (25)
Take the minimum eigenvalue in (25) we get

Amin(Q + RHR) Amin (@ + RHR)

< dminl(@ + RHR)R™'] < 26

Amaa(R) < minl(@F RERRT] < =55 LRy (26)
Substituting for g and yp, we have

pp < p < ppeond(R) (27

Dividing all terms in Equation (27) with the condition number of R?%, hence

L < B¢ cona(rb (28)

cond(Rz) Hp
The measures are identical when the condition number is one. However,
it is difficult to say, in the general case, if our measure is tighter than the
measure by Patel and Toda. In some cases our measure is tighter, and in
other cases not. However, from (27) we see that p is a tighter bound for the
dominant closed-loop pole(s) than g, is. How p is related to the closed-loop
eigenvalues is shown in Di Ruscio [4]. This means that the best we can achieve
by this type of analysis, is a measure less or equal to the dominant closed-loop
pole. A measure of eigenvalues should be independent of scaling, because the
eigenvalues of a matrix is invariant under similarity transforinations. Our

measure g for the dominant closed-loop pole is scaling independent, while g,
is scaling dependent. Note that the condition number is scaling dependent.

These results are dependent on the solution R of the ARE. Measures
which express stability regions explicitly in terms of A, H, and Q may be
desired. This is a difficult task in the general case. However, when Q > 0,
then the condition for stability, Inequality (15), can be written

eTR(R'ET+ ER'-R'QR™'-H)Rz < 0 (29)
Equation (29) is equivalent to
T R—(ET - QR Q' (ET - QR+ ETQT'E—H]Rz < 0 (30)
Condition (30) is satisfied if
E"Q7'E < H (31)
Then we have the following corollary

Corollary 1
Let @ > 0 and H > 0. The perturbed closed-loop system is stable, if
the nzn additive perturbation matrix E satisfies the condition

?(E) < pag =W/ Amin (H)Amin(Q) (32)

A

Proof
Condition (31) is satisfied if

FHETQ'E) < TE)(Q™Y) < o(H) (33)
QED.

In many cases this result may give a better result than measures s1q and
Ep-
3.2 Results from frequency domain conditions
It can be shown (Lee et al., [7]) that in a stable feedback system (4 — HR),
stability will be preserved as perturbations E are added, provided that
F(E) < m=glsI—(A—HR)] ¥s=jw, w € RL (34)

In general this expression has to be developed as a function of frequency w
and the maximum solution R of the ARE. It can be shown (Solheim, [12})
that the frequency term in this condition may be removed if we assume real
closed-loop eigenvalues only. We have

#(E) < po=o(A—HR) (35)
However, the frequency term can be removed, in the case of complex
eigenvalues, if Inequality (55) is used. We have
1
E/\m;n[(sI —(A-HR))" +sI—-(A-HR)] < g[sI-(A-—HR)] (36)

This lead us to the following measure (Yedavalli [13])

Lemma 1
Let Q = QT, H > 0, a stable nominal closed-loop system, and (A —
HR)T + A— HR negative definite. The perturbed closed-loop system is
stable, if the nzn additive perturbation matrix E satisfies the condition

3(E) < 1y =—hminl(A— HRYT + (A~ HR] (37)

A

Note that (34), (35) and (37) are identical when (A ~ HR) is normal. To
prove this statement, we only have to note that, for any normal nzn matrix
Z there is a unitary matrix U such that UZU* = A where A is diagonal and
real, and that singular values are invariant under unitary transformations.

We may simplify condition (34) considerably if R is eliminated. When
H > 0, then the ARE can be written as

[sI—(A— HR)"H [sI - (A— HR)]| = (sI - Ay H ' (s] — A)+Q (38)
For the sake of stnplicity, let us define
E Z=sI-(A-HR) (39)

then we have the following inequality

/\min(H_l)Amin(Z‘Z) S Am;"(Z‘H_IZ) S Ama:z'(}]_l))\nu‘n(z‘z) (40)
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Inequality (40) can be rearanged to give
Amin(E)Mnin(Z°H ™ 2) < Amin(Z72) < Amac(H)Amin (2" H71Z) (41)
Combining (34), (38) and (41) we have the following result.

Lemma 2
Let Q = QT, H > 0, and a stable nominal closed-loop system. The
perturbed closed-loop system is stable, if the nzn additive perturbation
matrix E satisfies the condition

FE) < pongs ¥ s=jw, w € RY (42)
tangs = \/ Amin (H)Amin[(sT — A" H=1(sI = A) + Q)]

A

It can be shown (Di Ruscio, [3]) that there is a real symmetric solution to
the ARE having the property Re A(A — HR) <0, if and only if,

(sI—A\H MsI-A)+Q > 0 Vs=juw (43)

This means that there may exist negative, indefinite and non-negative state
weight matrices @ satisfying (43). This corresponds nicely to Lemma 2.

In general, Inequality (42) has to be developed as a function of the fre-
quency w. This condition may be simplified considerably il Inequality (56),
Appendix, is applied. We have

Amin [(SI b A)‘H—l(sl - A) + Q] > )‘min(Q) (44)

Of course, this inequality is only useful when @ > 0, because Apnia (@) = 0 if
Q is positive semidefinite, and negative when Q is negative. Combining (42)
and (44) we derive Corollary 1.

Assuming real closed-loop eigenvalues, using condition (35) and the same
procedure as we derived Lemma 2, then we have the following corollary

Corollary 2
Let @ = QT, H > 0 and stable real closed-loop eigenvalues. The
perturbed closed-loop system is stable, if the nan additive perturbation
matrix E satisfies the condition

FE) < Hahg =\ Amin(Hmin(ATH1A+ Q) (45)

A

This is a very useful result as it permits the study of perturbations without
too much computational effort.

4 Numerical examples
Consider the system

o5 SJo=[5 2]e=[s de=[14]
A(A - HR) = —2.958 + 0.5 (47)

p=2.680 jig=1578 pp,=1012 py =2.958 (48)
g =2.959 ppg = 1.940 pang, = 2.959

For this system, p, and pang are not defined.
If the @ matrix is changed to

[ 33.746 0
Q= 0 22.2564 (49)
then
M(A—HR)=-5 X(A-HR)=-6 (50)

and the following measures are determined

p=4837 pa=4380 p,=4.138 p, =4792 p,=4815 (51)
= 4815 ppg = 4717 pangs = 4.815 pang = 4.815

5 . Concluding remarks
Some new measures are presented for stability robustness in the presence

of additive perturbations in an LQ-optimal closed-loop system. In addition,
some existing measures are reviewed.
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Appendix
The following relations are used in the paper,

1. For any real symmetric nzn matrix W, (Rayleigh principle, see Magnus

and Neudecker [8] pp. 203)

T
WL Amas(W) (52)

Ami'ﬂ <
W) < T2 <

2. For any real symmetric nzn matrix W and positive definite nzn matrix
Y, (for reference see Di Ruscio [4])

2TWe _1
e S Amas(WYT) (53)

An'u'rl(W),_l) S
3. For any nzn matrix X, (for reference see Mori [9])

2Re Mi(X) € Imnaz(X* +X) (54)

4. For any nzn matrix X, (Fan and Hoffman, [5])
M(X*+ X) < 20i(X) (55)
5. For any Hermitian nzn matrix X and Hermitian non-negative nzn ma-

trix Y, (see Magnus and Neudecker [8] pp. 208 and Karanam [6])

/\min(X+Y) 2 /\min(X) "(56)
Imaz(X +Y) > Amaz(X) (57)
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