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Abstract

This note presents a method for the design of controllers with a specified arbi-
trary structure for linear multivariable time invariant systemns. This method
gives a solution to the problem of designing decentralized controllers, and
includes feedback from a reduced state vector and the output feedback gain
matrix. The method does not need to be initialized by a stabilizing con-
troller, and is therefore a solution to the stabilization problem. A proof that
the algorithm will converge to a stabilizing controller under nonrestrictive
assumptions is given. The solution correspond, at least, to a local minimum
for a design objective,

1 Introduction

This paper presents an algorithm that solves the stabilization problem. The
algorithm is a modification of an algorithm for the design of feedback systems
with possible restrictions to the controller structure presented in Di Ruscio
and Balchen [3], [4] for handling initially unstable systems.

The rest of the paper is organized as follows: Section 2 presents the prob-
lem definitions and some preliminary results. The problem solution is stated
in Section 3. Some concluding remarks follow in Section 4.

2 Problem Definition and Preliminaries
Consider the linear, time-invariant, dynamic system

% = Az + Bu (1)
y=Dz (2)

where (A,B) is a stabilizable pair and (D,A) is a detectable pair, and the ex-
ponentially weighted quadratic objective functional of long or infinite settling
time

J :/ et (TQz + uTPu) dt 3)
0

where § > 0 is a real number, 2 is an n-dimensional state vector, y is an m-
dimensional measurement vector, u is an r-dimensional control input vector,
A, B and D are constant matrices of appropriate dimensions and Q and P
are n x n nonnegative and r x r positive definite matrices respectively. It
is assumed that (/@, A) is a detectable pair, where /@ denotes the unique
positive semidefinite square root, such that \/Q! = Q. Alternatively, any
Q > 0 can be decomposed into @ = ST, in this case (S, A) is detectahle.
The vector = in (3) is a linear function of the states. Usually we have = = z
as in the standard LQ-problem or z = y or z = Dz if the output is to be
weighted. Without lack of generality, z = = is used in (3). Note that case
z = ycan be considered by substituting Q by DTQ,.D, where @, is an output
weight matrix.

The problem considered in this work is to design a feedback matrix G
with prescribed structure (diagonal, sparse etc.) of dimensions rzm so that
the system (1) gets the linear feedback

u=Gy 4)

and the corresponding closed loop system
z = Az (5)
A=A+BGD (6)
is stable, and such that, at least, an upper bound on the performance criterion
(3) is minimized, If the system (1) is not stable, it is assumed that the system

may be stabilized with the feedback (4),

Substituting Equations (1), (4), and z = z, into the performance criterion

(3) gives
J =zl Ry = tr(Rxozg) (7)
where z(t = 0) = =, is the initial values of the states, and
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o " s
R= /0 A=BITt (el A=p1 4y @®)

where
Q=Q+(GD)TPGD (9)
R, Equation (8) is known as the observability Gramian for the system

(\/E), j—-ﬁf). If A~ fI is stable, then the performance index (7) is bounded
as time approaches infinity, and R is the solution to the linear equation

(A-BNTR+R(A-B1) =-Q (10)

which is known as the Lyapunov matrix equation. If no controller restrictions

are specified, D = I, and (3) is minimized with respect to u, then G is the

LQ-optimal feedback and (10) is identically to the algebraic Riccati equation.
The following propertics can be proved, see Wonham [8).

o If DTD; = DI D, and (Dy, A) is observable (resp. detectable) then
(D2, A) is observable (resp. detectable).

o If (A, B) is stabilizable and (D, A) detectable, then the same is true
with A replaced by A — §I.

If @ > 0 and (\/@, A) is observable (resp. detectable), then for all

P> 0 and all B, G the pair (/@ + GT PG, A+ BG— fI) is observable
(resp. detectable).

eIf(Q >0and A- BI is stable, the linear Equation (10) has a unique
solution R > 0. If @ > 0 then R > 0.

(Lyapunov Criterion). Suppose Q > 0, (\/5, A=~ BI) is detectable and

R > 0 is a solution to (10) then A — A1 is stable. If (/3,4 — A1) is
observable then R > 0.

In this work we will assume that the pair (\/—:, F) is detectable, which is
T

equivalent to requiring the pair (F7T, \/5 ) to be stabilizable, where F =
A-pL

The reason for introducing the parameter 8 in the performance index
(3) will be shown in the next section. Note the similarily to the method
by Anderson and Moore [1] for the design of LQ-optimal systems with a
prescribed stability margin, where ~ 8 is replaced by a non-negative scalar o.

3 Main results

Assume that an initial feedback matrix G is specified, but such that the
initial closed loop system is unstable. The initial feedback G is usually the
zero matrix. Let s = z + jy be an eigenvalue of the corresponding closed
loop system matrix A 4+ BGD. The system is defined to be unstable if

T := max{ ReA(A+ BGD) } > 0 a1

The initial feedback matrix G is usually the zero matrix. In this case the
open loop system is unstable, and R, Equation (8), is not bounded as time
approaches infinity.

Consider the modified closed leop system 4 + BGD — BI where 8> 0is
a real number. This system is defined to be asymptotically stable if

max{ ReA(A+BGD-pI)} < 0 (12)

which is satisfied if # > 7. In this case R, Equation (8), satisfies the matrix
Lyapunov equation (10).

This observation is the basis for the following method which, in addition
to the design of feedback systems with restrictions to the controller structure,
may be used to stabilize an initially unstable system.




Design algorithm

Step 1. Compute

T; = max{ ReA(A + BGiD) } (18)

and initialize Bg.
B > Tp if T, 20 (14)
B = 0 if T < O (15)

Step 2. Initialize G 1= Gk, and solve the following optimization problem for
G

O =Q+(GDY"PGD (16)
(A+ BGD - )T R+ R(A + BGD — B 1) =-§ @an
minJ = J(R) (18)
subject to inequality constraints
Cis= det(R;;) >0, i=1,.,n (19)

Step 3. Check for convergence. If B = 0 terminates, else define Gr41 =G,
k := k + 1 and return to Step 1.

The parameter By in Step 1 may be taken as B¢ >|| A+ BGyD ||, where
any matrix norm for which there is a consistent vector norm may be used.
However we suggest choosing

By =T +dB

where df > 0. The modified system A+ BG. D~ will have all eigenvalues
located on and to the left of the line —df3 in the complex plane, which means
that df is the stability margin of the modified system. It can be shown
that the algorithm will converge to a stabilizing controller if df is chosen
sufficiently small. The method is tested on a wide range of systems and it is
found that it converges in a few steps. The rate of convergence is dependent
on the choice of df. However, df may usually be chosen in a wide range,
but df should generally be interpreted as a line search parameter determined
such that Fpq1 — Fx < 0. Then we have convergence in the sense that § may
be reduced to zero, because we can choose Brgr < Be. )

Some interesting analysis can be performed if we strengthen the condition
Q>0t@>0.IfQ>0and >0 is a solution of (17) then it can be
shown that A + BGi41D — Ty is stable, if

(20)

) —2dBR>0 (21)
by applying the second method of Lyapunov. See Wonham [8], for example,
for a proof. It can further be shown that the real parts of the closed loop

eigenvalues after each iteration in Step 2 are bounded, from up and below,
by ’
1o, = 1. .~
@R+ < T - < QR+ 48 (22)
Note that QR~! has strictly real positive eigenvalues only. (22) may be
proved by the use of Theorem 4 in Di Ruscio F‘":

The above discussion shows that a sufficient, but not necessary condition
for convergence is that

1. =
4 < ZMQR™) (23)
which may be satisfied because 0 > 0. These results show that the stability
margin now is at least d8, and Fp41—7 < 0, which implies that we can choose
Brit < P, and that the method will converge if df is chosen sufficiently.
The optimal value of the performance criterion (T) is usually averaged with
respect to zo which is supposed to be distributed on a unit hypersphere. The
effect of the initial values are then eliminated by assuming E(zo) = 0 and
E(zoeT) = I. The optimization criterion (18) may then be taken as
' J(R) := E(J) = tz(R) (24)
As pointed out by Levine and Athans [6] this criterion gives a design that is
optimal in an average sense, and an upper bound for the worst case perfor-

mance. An alternative is to assume that the initial statistics are known, see
Dabke [2].

Other alternatives to the optimal criterion (7) can be derived by using
the inequality connecting ratios of quadratic forms, see Di Ruscio [5]. Then
we have

TR _
2T < X(RWTY)

-1y <
MRW™) < xg Wao

(25)
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where W > 0 is an arbitrary matrix. This leads us to the following criterion
which may be used in Step 2 ’
J(R) = X(R) (26)
(26) is derived from (25) with W = I. This ¢riterion will give a better bound
for the worst case performance compared to (24) because MR) < tr(R). This
performance index is related to the robust measure by Patel and Toda (7],
which was used by Di Ruscio and Balchen [4] for designing robust suboptimal
controllers.
Another criterion which may be used in Step 2 may be derived with W =

Q.

- 1

- -1y —
J(Ry=XMRQ™) = QR 27
which means that the stability margin is maximized in each iteration step.
This is seen from (23) and the inequality

MQR™) 2 MQR™) (28)

The justification for this performance is that the proposed algorithm may
converge faster to a stable system because the minimization of (28) is related
to the minimization of the distance Zp4y — Bk, see Inequality (22).

Another way to give the criterion a significant meaning is to relate the
suboptimal cost to the optimal cosi derived from the LQ optimal problem
with no restrictions on the controller structure, and then minimize the upper
bound.

x4 Rzo
33‘ Rn;ll o

< NRRy) = J(R):=XRE;) (29)

The lower bound is reached when there are no restrictions on the controller
structure.

These performance functions are all suboptimal compared to the opti-
mal eriterion, Equation (7). We conclude this discussion with the statement
that the performance criterion (25) may be a good choice compared to (24),
because the criterion has a s,ilgniﬁcant. meaning.

Usually we have @ = DT @Q, D in Step 2, then in addition to finding a
stabilizing output feedback matrix, the result will be the optimal output
feedback with respect to the performance index used. We may choose @ > 0,
if only a stabilizing controller is to be found. In this case we may use the
measures (22) which bound df3.

See Di Ruscio and Balchen [3] for a detailed discussion of the optimization
problem in Step 2, and a brief discussion of the stabilization problem.

4 Concluding Remarks

An existing method for the design of controllers which may have some struc-
ture is modified in such a way that it also solves Lhe stabilization problem.
Convergence analysis is presented for this algorithm. Seme alternalive per-
formance objectives to the standard trace objective are discussed.
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