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Abstract

A detailed dynamic model of the fiber size distribution be-
tween the refiner discs, distributed along the refiner radius,
is presented. Both one and two dimensional descriptions
for the fiber or shive geometry are given. 1t is shown that
this model may be simplified and that analytic solutions
exist under non-restrictive assumptions. A direct method
for the recursive estimation of unknown parameters is pre-
sented. This method is applicable to linear or linearized
systems which have a triangular structure.
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1 Introduction

Most control system design techniques are implicitly or
explicitly based on a process model. Implicit model based
control structures are normally designed and tested using
a model as a basis. Particular examples are LQ optimal
control, modal control, robust control, etc. Explicit model
based control strategies are olten based on a state esti-
mator that is operated in parallel with the actual process.
Particular examples are LQG optimal control, predictive

control, adaptive control, etc. An overview of basic control
strategies is given in Balchen and Mumme [1]. T

The first step in a model based control system design
procedure is the development of a mathematical model of
the process. A state space model of the TMP process can
be divided into three parts.

The first part is a description of the physical states,
which are steam pressure, -temperature and -velocity dis-
tributed along the refiner radius, pressure and temperature
in the steam ventilation chamber and in the refiner casing.

The second part of the model is a description of the
fiber states, which are summarized as follows: The fiber
size distribution, distributed along the refiner radius, in
the refiner casing and in the blow pipe; The pulp velocity;
The fiber temperature; The wood consistency, distributed
along the refiner radius, in the refiner casing and in the
blow pipe; A description of fiber properties such as surface
and flexibility. '

The third part of the model is a description of the power
absorbed by the refiner motor because of fiber breakage
(fiberization of chips and refining of separated fibers) in
the refiner.

These sub-models may be combined into a total model
to describe the behavior of a TMP reliter {rom manipu-
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lated variables to states and measurements. The manipu-
lated variables may be summarized as follows: chips feed
to the preheater, preheater temperature, rotational speed
of the screw feeder, inlet flow of water, disc taper, input to
the casing and ventilation chamber pressure control valves.
Commounly used measurements may be summarized as fol-
lows: pressure at the inlet, refiner casing pressure, consis-
tency in the blow pipe, axial thrust, power absorbed by
the refiner, and the fiber size distribution.

This paper is restricted to the modeling of fiber size
distribution. The problem of determining a model for the
fiber size distribution has only been partially solved. Some
results are presented, among others, by Corson [2], (3],
Kano et al. [4], Strand and Mokvist [9].

These works focus on a description of the fiber size dis-
tribution in the pulp product. The fiber geometry is as-
sumed to only be one dimensional, and the sizes are usually
related to the specific power. Hence, the description of the
fiber size distribution as a function of both time and ra-
dius which is important for a model based control system
is omitted.

The contribution of this paper is to present a detailed
state space model of the fiber size distribution as a function
of both time and refiner radius.

The paper is organized as follows. A model for the
fiber breakage in a closed volume, with a homogeneous
fiber distribution is presented in Section 2. Both one and
two dimensional descriptions of the fiber geometry are pre-
sented, Sections 2.2 and 2.1 respectively. A model of the
fiber particle distribution between the refiner discs, which
is distributed along the refiner radius, is stated in Section
3 and some simplified models with analytic solutions are
discussed in Section 4. A solution to the problem of esti-
mating unknown parameters in the fiber breakage model
is stated in Section 5. Examples and simulation results are
stated in Section 6 and some concluding remarks follow in
Section T.

2 Modeling of fiber breakage

The main results in this section are stated in Sections 2.1
and 2.2. Section 2.1 deals with a two dimensional descrip-
tion of the fiber geometry and Section 2.2 is concerned with
one dimensional geometry.

2.1 Two dimensional particle geometry

Assume that the geometry of a particle, a single fiber, is
described by the fiber length { and the diameter or width
d. Let M; be the weight of all fibers (dry wood) in a
volume element. Then M;z({,d) is the weight fraction of
the charge with particle size ({,d). Hence, z(l,d) is the
[raction of particles with geometric size (I, d).

Assume that the particle size reduction can be de-
scribed as a rate process. Deline k as the breakage rate
(breakdown parameter) which depends on wood species,
plate design and refining variables such as temperature,
plate gap, etc.

Let ¢(t,d) be the fraction of particles with size ({,d)
accumulated in a volume element, or net generation, which
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may be described by the model

q(l,d) = d_fglfﬂl = —k(l,d)z(l,d)
+ Ly [y dy v, €k (v, €)z(v, E)dvde (1)

where z(v,£) is the [raction of particles of size (v,€),
k(v,&) is the breakage rate for particles of size (v,£), and
y(I,d, v, &) is the distribution function, which is the proba-
bility that a fiber of size (v, £) is of size (I, d) alter breakage
by refining. ez and dy,q are the upper sizé limit for the
fiber length and the fiber diameter, respectively.

Equation (1) is a continuous model for the refining of
wood fibers (in an ideal mixer). Usually, for practical size
distributions, a finite size interval is used. A discrete ver-
sion of Equation (1) is then of interest.

Let the fraction z(l,d) be described by the discretized
mean fraction z;; which fits the geometric constraints

L < 1 < i VY i=1,..,nl (2)
d < d < dj_,Vj=1,..,nd (3)

z11 and 24 are the coarsest and the finest fractions,
respectively. A discrete version of the continuous model,
Equation (1), is then

d I'A y '
Gi; = gt = ko) Ve Vidkiazia — kijzi; (4)

i=1,..,nl
v { j=1,.,nd

where the distribution function 7,4;-’ is the probability of a
fiber of size Id being reduced to size ij after breakage. k4

is the corresponding breakage rate for particles of size ld.
Let the fractions z;; be ordered in an nind dimensional
vector given by

T =

Tnind | (5)
With the order specified by Equation (5), Equation (4)
may be written in the matrix form

[1‘11 T21 *** ZTpl1 "t ZTind T2nd

q= = —.(I — F)K:c (6)

where K € Rn/nd = nind is diagonal with elements kij, and
I' € ®rind = nind i lower triangular with elements 7 -
Note that the matrix element k,;,q4 may be set to zero
because the material in the finest size interval remains in
the same size interval after breakage.

The structure of the matrix I' inay be described by:

1. The lower triangular part of the matrix [' will be
sparse when nd > 1, i.e. some elemnents in the lower
partl are zero.

2. T may be divided into a number ndnd of subinatrices
with dimensions nd z nd.

3. I' may be divided into a number nd(nd + 1)/2 trian-
gular submatrices of diinension nd z nd.

4. Each triangular submatrix has nl(nl + 1)/2 elements
different from zero.

5. [ has a number nd(nd + 1)nl(nl + 1)/4 clements dif-
‘ferent from zero.
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6. Il i <lor j<dthen 7‘.‘-;-1 =0 where i = 1,...,nl anq
j=1,... nd.

The first item is due to the assumption that particles cay,.
not be broken to larger particles. This same assumption
leads to the triangular structure of I'.

Trying to formulate the matrix I' in general, a pseudo
code suitable for programming on a computer is presented.

Algorithm 2.1 Generation of the elements Trs 0 the
lower triangular matriz I' € ™ * " where n = nind.

Jorjg=1,..,nd
Jori=1,..,nl
ri=i+4+(j— Dnl
Jord=1,..,j

Jorl=1,..1i
s:=1+(d-1)nl
Tra = 7.1_‘;

A

The structure of the matrix Equation (6) is illustrated for
the special case where nl = 3 and nd = 2 in Example 1 in
the section of examples.

We end this section by pointing out that the distribu-
tion functions must satisfy

n

27“:1 V s=1,..,n (7)

r=s

because of the definition of y as the probability of a particle
to be broken to smaller sizes.

2.2 One dimensional particle geometry

Assume that the geometry of a particle, single fiber, can
be described by the fiber length ! only. In this case, by
putting nd = 1, the model, Equation (4), may be reduced
to

i
i = Z‘mkﬁvt —kiz; ¥V i=1,.,nl (8)
=1

or in matrix form, given by Equation (6), where K €
f1t= ! is diagonal with elements k;, and T € f™ =™
is lower triangular with elements 7;;. Note that 7; is the
probability for a particle with a length interval [ to be at
a length interval i after refining, and hence Z:':'] v =L
We have maximum nl(nl + 1)/2 unknown distribution
parameters ;. This number inay be reduced by assuming
the distribution parameters to be normalizable. In this
case, the distribution parameters are only dependent on
the ratio %J- ,J > 1, and the number of unknowns is reduced
to nl. We have
o { Yiejar ¥V o {{i=1,. nl-1}j=1,..i})
7'] -

V {j=1,..nl} (9)

';n—j+l

The distribution parameters may be collected in the lower




triangular matrix I'. We have

T Q 0
Y2 " 0
r = 3 72 . Y (10)
Tnl=1  Ini—2 *** 83! 0
Tni Tnl—1 e v2 "N

To further reduce tlie number of distribution parameters
some results from Olsen [5] are adopted. Assume a con-
stant sieve ratio, ¢, for all particles given by

I I i
=l L lnioy (11)
or
i .
==V i=1,.,nl (12)
lo

The distribution parameters in Equations (9) and (10) may
then be taken as

71 — 1 — cm _/" — ,Tlc(i—l)rn ;51 — C(i—l)n] (13)

which satisfy

nl—j
Do vitdmieia =1V j=1,..,n (14)

i=1

Equation (14) states that each column in the distribution
matrix [' has a sum equal to one, which is suflicient for

nl

dai=1 (15)

i=1

When the sieve ratio ¢ is given, only the parameter m .
remains unknown, and hence the number of unknown dis-,

tribution parameters is reduced from nl to 1. The total
number of unknown parameters in the model, Equation
(6) or (8), is nl, i.e. nl—1 breakage rates in K and 1 for
the distribution functions in T'. If the feed and output size
distributions are known, then nlnd — 1 parameters may he
determined from Equation (6), because we have nind — 1
independent equations. The problem of determining the
unknown parameters will be discussed in Section 4.

3 Radial fiber size distribution

The model development is presented in Section 3.1, and

a discussion of boundary and initial conditions follows in
Section 3.2.

3.1 Model development

The fiber particles are assumed to have an average mass
flow rate Ly in the radial direction. Because we are con-
Sidering the fraction of specified fiber particles, x;, wilh
dividual mass flow rate Ly;, it is necessary to compen-
Sale for deviations in flow rate from Ly by diffusion. We

will assume that the deviation [rom average flow rate is
described by

j,‘:Lj,'l‘,‘—L!:l:,' (16)

where j; is mass flux of diffusion for fiber particles of type
1 times unit area, or mass flow rate of diffusion.

A mass balance of solids for one size fraction over a
length Ar in the radial direction, i.e. over a volume ele-
ment AV = AAr, gives

%(Mfl'iAV) = SLfAl'i)r = (LjAz'i)r+ArJ+
N i

v

rate of mass
accumulation

net rate of mass supply
by flow

~

[(JiA)r — (GiA)rgar]+ MpqiAV
- N —

net supply (17)
by refining

net rate of mass
supply by diffusion

Dividing by AV and taking the limit as this dimension
approaches zero, we get

¢} 10 14,.
a(M/z,») = —Z~—(L/A$i) - ZE(J-'A) + Mg (18)

or
A mass balance for the flow of solids or dry fibers gives
d )
7M1 = == 5-(LsA) (19)
Substituting Equation (19) into Equation (18) gives
81‘,‘ (91?.' 19 .
My =—Lr 5. = 55Ut + My (20)

which holds for all i = 1, ..., n. Equation (20) can then be
written by vector notations.
) 5] 18
M!__:c = _LJ_I .
¢ Or  AOr
The diffusion component j; and the term g; needs further
definitions.

The scalar ¢; represents the net supply of material of
type i because of refining. This term is discussed in Section
2.

We will assume that the flow rate of diffusion, j;, may
be described by

(JA) + Myq (21)

iiA = _dl_d(M!Ax,‘)
dr

where d; is the dispersional coeflicient for particle number
i. Equation (22) can be written in matrix form

YV i=1,..,n (22)

: O(M; Az)
A=-D———+"=< 23
j B (23)
where D € R™ * " is diagonal with elements d;.
The model, Equation (21) combined with Equation (6),
can now be described by the following matrix partial dif-
ferential equation

oz Oz 1 6?
L m iy D 24
T vy o + }M/ADarz(MjAz')-i'Cx ( )
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where

C=-(I-D)K (25)

and z € R are the vector of fractions. vy =%‘ﬁ is in-
terpreted as an average velocity of the fibers in the radial
direction of the refiner, which depends on the radius, r.

Equation (24) can be placed in dimensionless form for
convenience in analysis by introducing the dimensionless
time 1* and the dimensionless radius *

t—1
Te— Ty

e BTl (26)

T2 —T1

t':vj

Substituting ¢* and r* into Equation (24) yields

Jr Oz 1 i

i) adndl S " - 2
o0+ e = WA g MiAs) ¥ O (20)
where
1 e — Ty
D'=——D C*'=——C 28
‘U!(J‘z—l‘l) vy ( )

3.2 Boundary and initial conditions

We will first discuss the boundary conditions for the model,
Equation (24), when the dispersional term is omitted.

In this, case only the left-hand boundary conditions are ..

needed. We have

22(1‘1) =TF (29)
where zp is the the fiber distribution of the feed. In this
case the model is suitable for prediction of the output fiber
distribution, because z(ry) may be determined from the
model.

The full model, Equation (24), including the disper-
sional term, needs both left-hand and right-hand bound-
ary conditions. Let vy; be the average velocily of the feed.
Then, proper boundary conditions at the inlet are

1 (M A
vy (z(t,r) —zF) = M_{AD ( f)!r )

(30)

If no diffusion in the feed flow is assumed, proper boundary
conditions at the inlet may be chosen according to Equa~
tion (29).
‘I'he right-hand boundary conditions inay be
Jz
— =g(z 31
3, = 9&) (31)
where the gradient at the outlet is defined by g(z).
If the output fiber distribution zz is known, proper
right-hand boundary conditions can be chosen such as:
‘U]Q:L‘(t,TQ) = W‘UJQ:L'Q (32)
where W is an outlet classification matrix, usually the
identity matrix, and vz is the average velocily at the out-
let.
The assumption about diffusional flow has included a
new problem, namely the problem of defining the boundary
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conditions at the outlet, r = r5. This is a general problep,
for second order partial differential equations.

If the application of this model is to predict the outlet
distribution, then the dispersional term may be neglected
with advantage.

The initial conditions are irrespectively given by

fv(t1,r) =z(l1) (33)

4 Simplified fiber distribution
models

4.1 Static model without diffusion

Assume that the dispersional coefficients d; ¥V i = 1,...,n
are small or zero, and that the dynamics in Equation (24)
can be neglected. Then a simplified static model for the
fiber size distribution in the radial direction yields

Oz

S —l‘Ca:

81‘ vy (34)

where C € ®" =™ is given by Equation (25).
Equation (34) can be integrated over the refiner radius
interval vy < r < rg with the feed size distribution zp

.28 boundary conditions. That is

z(ry) =zp (35)
If v; and C are constant, then an analytic solution exists,
that is given by

r=r)

z(ry=¢ * zp (36)

Usually, vy is a function of both time and radius, i. e.

"1
dr=vydl = t—h:/ —dv (37)
L vy
and the analytic solution of Equation (34) is
T
2(r) = e T ap (38)

provided C is constant. The solution may be verified
by substitution into Equation (34), or developed by the
method of characteristics. ‘The method is based on the
observation that Equation (34) can be changed to a differ-
ential equation in Lime along the " characteristic” Squation
(37), and tlie resulling equation may be integrated directly.
See also Section 4.2, Equation (46).

4.2 Dynamic model without diffusion

If the diffusion term in the model, Equation(24), is ne-
glected, then the following dynamic model for the fiber
size distribution in the radial direction will result.

Oz Oz

-—+’U

TR

(39)

If vy and C are constants, then an analytic solution to
Equation (39) exists.



In the Laplacian s-domain, Equation (39), is reduced
to a set of first order, ordinary differential equations in the
variable r.

d.’ll(.‘.\‘,l') - i(c_ s[):lt(S,T) + Ll(i — 0’1-) (40)
dr vy vs

with solution

z(s,r) = e(C_’l)%Lx(s, ri)+
(C-sI)tze
[e riba(t=0,v)dv (41)

The inverse Laplace transform of the first term on the
right-hand side of Equation (41) is a simple shift in time.
The inverse Laplace transform of the second term on the
right-hand side, the convolution integral, is more difficult.
But note that the initial condition, z(0, v), does not involve
time, and may be regarded as a constant for the Laplace
transform. We have

r=n i
z(t,r) = eC ox(t - %}*,7‘1)-{-

L ecr";!v{—zér}- T+j°°e(t_r_”-!£)’ds}r(0,v)dl/ (42)

vy Jry T=joo
The s-domain integral in the bracket is a Dirac §-function
at 1 — % = 0. If the integration in v is changed to an

integration in time, by ¢ = we liave

r—v
v

Linds §
2(t,r) = ¢ T a(t - 130 1)+

35T
Jo T oeCts(t — ’;—!’L)x(O, r—vst)dt (43)

Because of the definition of 6, we have

re—-

=n s— 7
a:(t,r):ec 4 :l!(t—1 n

,m1) 4 eCtz(0,r — vst) (44)

In the case that the initial time is { = t; and not t = 0,
the solution can be modified and written

z(t,r) =
ec("“)x(tl,r—vj(t—tl)) if t~1 <=0
crzn . 7, (45)
e v x(t—%,rl) il t—tlzru;;L

where z({;,7) = =z(t;) is the initial condition, and
z(t,r) = zp is the boundary condition at the inlet, i.e.
the feed distribution.

The same result, could perhaps have been obtained
more directly by the method of characteristics. The

method is based on the fact that Equation (39) can be
Written

dz dz Oz

m:a-}-v‘f—%:c"z (46)
alOng the characteristic line
T:Uf(t—t1)+1‘1 (47)

in the r,¢ plane. Equation (46) can be directly integrated
8long the characteristic line, Equation (47), and Equation
(15) verified.

In the case that vy is a non-linear function in the r, 1
plane given by Equation (37) the solution of Equation (39)
can be shown to be, (by the method of characteristics)

z(t,r) =

GC(‘_“)!:(’:IyT— f(‘l Ude) lf t— tl <7 (48)
T [
C T 2t = f7 dvyry) 0 t—ty > 1

ry vy

wliere

r= / La (49)

v Y

is the residence time.

5 Determination of breakage
rates from experiments

The solutions of the fiber size distribution models reported
in this paper, when the dispersional term is neglected, are
of the form

7= G(F_I)KT:CF (50)

Suppose that the input feed size distribution zp, the out-
put size distribution z and the residence time T are mea-
sured. If ' is known, then there are n — 1 unknown break-
age rates in the matrix & which may be determined from
Equation (50).

The solution to this problem involves a method for the
computation of the matrix exponential in Equation (50).
For a general matrix, the computation of the matrix expo-
nential is usually based on iterative methods, i. e. series
methods (Taylor and Pade etc.) or matrix decomposition
methods (diagonalization and Jordan decomposition etc.),
Petkov et al. [7].

Define for simplicity

T=(~I)Kr (51)

where T € R" * " is lower triangular, and T" and K are
defined in Sections 2.1 and 2.2. The matrix exponential is
defined as

F=e (52)

In this case, T is lower triangular, and the matrix expo-
nential 7 = €7 may be computed directly by the recur-
sive algorithm by Parlet [6]. This method is based on the
properties that if T is lower triangular, then ' is also lower
triangular with the same structure as T, and that ' and
T commutes, i. e.

FT—-TF =0 (53)
The diagonal elements in I are determined by
fu=e" ¥V i=1.,n (54)

Equating the coefficients in Equation (53) gives

7 i—1
Jij(ti = tis) = ti;(fi5 = ) + Z (tie fej — firtes) (55)

M

k=j+1




which can be used to compute one superdiagonal of F at a
time, beginning with the diagonal, Equation (54). When
T is nzn, approximately n3/3 multiplications are required
to form F'. Difficulties may arise when T' has confluent
eigenvalues.

In the confluent case the algorithm has been modified
by the use of the limit

i t

. 55— .o . € 13 — p'n

lim ——~—~—-—-f” Jii = lim ——— =e¢
Gj—tii bjj — i tii—ti 5 — i

TS ]

7 = fii (56)

An intresting property of F is that while the columns of T'
sums to zero, the columns of F' sums to one.

The breakage rates are determined as the solutions of
the first n — 1 equations in

eK)=z—Fzp=0 (57)

Because of the lower triangular structure of F' it is possible
to successively compute k; by solving the ¢ th equation
g; = 0, starting with ¢ = 1 and ending with i = n— 1. The
following algorithm is employed

Algorithm 4.1, Determination of k;, i =
1,..,n-1

Step 1. Compute k; from
51(k1)=zl—e(7"_1)""zpl =0 (58)
Provided zp;. # 0 and z; # 0 it follows that

1 Ty

k= ———F-In—
! (711 -7 zp

(59)

Step 2. Compute k; by solving

ei(ki) =z — Zf,‘j.’l:pj =0, V i=2,...,n—1(060)
i=1

by an iterative method.

A

Note thal only the i th principal submatrix F;, i <n -1,
of the exponential I is necessary for the computation of
the 1 th equation g;(k;) in Step 2.

An iterative Newton method may be used to solve k;
from Equation (60), which is the following iteration scheme

Oei  _
=k - Gy e (61)

where p is the index of iteration. The Jacobian %ﬁ may
cither be approximaled by a forward difference scheme or
hnplemented analytically. In the analytic case, the Jaco-
bian is determined by differentiating Equation (53). In this
work a forward diflerence approximation for the Jacobian
is used, and found satislactory.

The algorithm, Equation (61), needs to be initialized
with an initial value k{ for the breakage rate k;i. It is
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observed that the initial values may be chosen in a rel-
atively wide range, and that the algorithm converges in
a l[ew steps. However, the algorithm may be sensitive to
large initial values, i. e. for initial values which satisfy
e*' > eki, because of the problem of division by a zero
or an almost zero number. A good initial choice may be
0 < k? < ky where k, is delermined analytically in Step 1.

If the constant sieve ratio method to determine the dis-
tribution functions 7;;, as described in Section 1.2, is ap-
plied, then one parameter, m, in addition to = and zp has
to be specified.

In this case, for a specified m, the n — 1 unknown
breakage rates can be computed from the procedure above.
Ilence, m may be interpreted as a tuning parameter.

6 Examples
6.1 Examplel

The following example will illustrate the structure of the
matrix Equation (6). Assume breakdown of particles in
an ideal mixer, and that the size of each particle may be
described with the length ! and the diameter or width d.
Lel the length operator ! be discretized in nl = 3, and
the diameter or width operator d in nd = 2. The model,
]];}quation (1), may be ordered as the matrix system given
y

zy1 T11

a1 21
d T A -
— Ul = (I —D)K i (62)
di T2 Ti2

T2 Z22

32 32

where Ig is the 026 dimensional identity matrix and K is
given by

kky O O ©0 0 0O
0 koy O 0o o 0
| o 0 kyy O 0 0
K= ] 0 0 ki O 0 (63)
0 0 0 0 ko O
0 0 0] 0 0 0
and the matrix of distribution functions
M0 0 0 0 0
L DY)
o e ~. 0 0 0 0
oo 0 00
D= ”fﬂ Y31 M (64)
“ 0 0 412 ¢ 0
,.T’K? ,YZ] o) ,YE ,122 0
T 8 a0 B3
Maz Ma2 M2 Maz a2 Va2

6.2 Example 2

Analytic and numerical solutions of the simplified fiber size
distribution models, Equations (31) and (39), are shown in
Figures (1), (2) and (3). The fiber geometry is assuned to
be represented by the length only. We have used nl = 6,
¢ = 0.7, m = 4 and dimensionless time and radius. The
input and output fiber distribution is specified to be

zp=[10 0 0 0 0 0] (65)

£T=

[ 0.000001 0.004999 0.095 0.35 0.3 0.25 ] (66)
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Figure 1: Analytical solutions of the fiber distribution

models, Equations (34) and (39).
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Figure 3. Analytic and numerical solutions of the dynamic
Profile at » = p,, Equation (39).

Algorithm 4.1 gives

K=
diag[57.451 23.056 11.684 4.817 3.005 0k67)

Figure (1), a) and b), shows static profiles for the models
given by Equations (34) or (39), for two diflferent feed size
distributions. The static profile of these models are iden-
tical. The model predicted a small change in the output
distribution, when zp was changed to the case shown in
Figure (1 b). The output distribution was predicted to be

z¥=[00 0004 008 034 031 026] (68)

Figure (1), c) and d), shows dynamic profiles for the model,
Equation (39), for two different initial distributions.

The analytic solution of the static profile, given by
Equation (39), ¢compared with numerical solutions for dif-
ferent precisions of the space discretization is shown in
Figure (2). Figure (2) b), ¢) and d) are obtained by solv-
ing 30, 60 and 180 differential equations, respectively. This
illustrates the value of an analytical solution, in order to
reduce the computational burden and increase the preci-
sion of the solution.

This same effect is illustrated in Figure (3), which shows
the analytic solution of the dynamic profile at r = ry, given
by Equation (39), compared with numerical solutions for
different precisions.

6.3 Example 3

This example shows simulation results for the full model,
Equation (24), including the diffusion term. The disper-
sional matrix is assumed to be D = dI for simplicity. The
other system data is the same as in Example 2.

Figure (4) shows the effect on the static profile by vary-
ing the dispersional coefficient d for left-hand boundary
conditious given by Equation (29), and Figure (5) the ef-
fect on the dynamic prolile. Figure (6) shows the elfect on
the static profile by varying the dispersional coefficient d
for left-hand boundary conditions given by Equation (30).

7 Concluding remarks

A relatively complex and detailed distributed model for the
description of the fiber size distribution is presented. It is
shown that this model may be simplified and that analytic
solutions exists under non-restrictive assumptions. These
solutions produce a valuable tool for the understanding of
the refining of wood chips to fibers and fines. IHowever,
the main purpose of this model is to be a part of a larger
imodel which may be used in model based control of the
TMP process. The model is basically coupled to the over-
all model through the pulp velocity, which facilitates the
control of the product fiber size distribution.

A method is presented for the estimation of parameters
in the model from measurements of the fiber distribution
abt two locations, usually the feed and the product distri-
bution: It is shown that the estimates may be recursively
determined.
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Figure 4: Analytic and numerical solutions of the static
profile, Equation (34), and Equation (24) with diffusion.
Boundary conditions given by Equations (29) and (32).
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Figure 5: Analytic and numerical solutions of the dynamic

profile at r = 73, Equation (39) and Equation (24) with
diffusion.
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Figure G6: Analytic and numerical solutions ol the static
profile, Equation (34), and Equation (24) with difTusion.
Boundary conditions given by Equations (30) and (32).
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Notation

Cross sectional area at radius r, [m?]
Dispersional coeflicient, [—"’f-]

Diagonal matrix of dispersional coeflicients
Particle diameter or width operator, [m]
Mass flow of difTusion, [£2]

Breakage rate or selection function, [1]
Diagonal matrix of breakage rates
Distribution or breakage function, []
Lower triangular matrix of distribution functions
Particle length operator, [m]

Average mass flow of fibers, [%-‘1]

My Mass of fibers per unit length, [%11]

Radial space coordinate, [m]

r;  Radius at the inlet of the refiner, [m]

r2  Radius at the periphery of the refiner, [m]

t Time, [s]

V  Volume, [m9) :

z;  Mass fraction of fibers of type 2, [%g]

zp  Tiber size distribution at the inlet » = ry, [7’:—%]
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