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Abstract

A new, simple and effective algorithm for consis-
tent closed loop subspace system identification is pre-
sented.

Key words: Identification methods; Subspace meth-
ods; Stochastic systems; Sampled data systems; Lin-
ear systems.

1 Introduction

System identification is the science of building a
mathematical model from known system data. So
called subspace system identification methods which
developed during the 90’ies by several researchers, see
e.g. Katayama (2005), Di Ruscio (2003) and the ref-
erences therein, are in general not consistent for data
collected in closed loop. In this work a new and sim-
ple subspace identification method which is consistent
and efficient also for closed loop data is presented. -

2 Problem Formulation

We will restrict ourselves to linearized or linear state
space dynamic models of the form

Az + Bug + Cey,
Dz + Bug + Feg,

T+l =
Ye =

(1)
()

where a series of input and output data vectors ug
and y V k= 0,1,...,N — 1 are known, and where
there is possible feedback in the input data. In case of
output feedback the feed through matrix is zero, i.e.
E = 0. Also for open loop systems the feed through
matrix may be zero. We will include a structure pa-
rameter g = 0 in case of feedback data or for open
loop systems in which £ = 0, and g = 1 for open loop

systems when E is to be estimated. Furthermore, for
the innovations model (1) and (2) ey is white with
unit covariance matrix, le. E(eke,q;) =1TI.

Note that corresponding to the model (1) and (2)
on innovations form we may, if the system is not pure
deterministic, define the more common Kalman filter
on innovations form by defining the innovations as
ex = Fei and then K = CF~! is the Kalman filter
gain. Hence, the kalman filter on innovations form is
defined as

Azy + Bug + Keg,
Dz + BEug + €k,

(3)
4

where the innovations process i have covariance ma-
trix B(eref ) = FFT.

The quintuple system matrices (4, B,C, D, E, F)
and the Kalman filter gain K are of appropriate di-
mensions. The problem addressed in this paper is to
determine these matrices from the known data. Both
closed and open loop systems are addressed.

T+l =
Yk

3 Definitions

Define a parameter, J, representing a horizon of data
into the past used to remove noise from future data.
From the known data form the following Hankel data
mabrix

Yois ]
Y. = 5
o|J+1 [ Yo (8)
Yo Y1 Y2 YN-J-1
n Y2 Y3 YN—-J
— | & 3 : % € Rim*K(6)
Ys-1 YJs YJ+1 Yn-2
YyJ YI+1 YJ+2 YN-1

where K = N — J is the number of columns. Matrix

Yo7 18 defined as the J first block rows of Ypjs41 and
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matrix Yy, as the last block row in (6). Matrices
Uos, Uspns Egj1 and X1 are defined similarly. These
matrices are to be used in the next section in order to
filter the data and directly to compute the innovations
process ey = Fepx Vk=J,J+1,...,N -1

4 A new subspace identification
method for closed and open
loop system identification

First we will discuss the case with no feed through
term in the output equation, i.e., B = 0 in (2), and
the closed loop subspace identification. From (1) we
have

Y = DXy +FEp. (7)

From the Kalman filter version of the innovations
model (1) and (2) we have that the future states, X 51,
are a function of the past data, i.e.

= - U
Xm=[C4 &3] [ o

v } T (A= KDY Xou, (8)

where matrices C’g and C~‘§ are the reversed ex-
tended controllability matrices of the matrix pairs
(A— KD,B — KE) and (A — KD, K), respectively.
Hence, for large J or as J — oo we have that

XJ|1/[ [{,g:j ] = Xjp- (9)

The past data matrices, Ug|; and Yy, are uncorre-

In order to find the system order, n, and the rest of
the model matrices, e.g. (4, B, K, D), we simply have
to solve a deterministic subspace system identification
problem

Tpp1 = Aze+[ B K][z:] (13)

ye—€r = Dxy (14)

where not only the input and output data, uy and yy
are known, but also the innovations, £, are known,
Hence, the data

Uk
€k Vk=JJ+1,...,N—1  (15)
Yk — €k

are known, and the model matrices (A, B, K, D) may
be computed in an optimal least squares sense. This
results in a very simple an efficient algorithm for
closed loop subspace system identification.

The above algorithm may be modified in order to
work also for open loop systems. For open loop sys-
tems we usually have a direct feed through term in
the output equation, i.e., E # 0 and with an output
equation yx, = Dzy + Eup + Fey. Hence,

Y-Ill . DXJ|1 + EUJ[I + FEJ|1 (16)

and the innovations and signal parts may be com-
puted similarly as above, i.e.,

lated with the future innovations sequence, I2;};. This [ U In i
is true for both closed and open loop systems. Hence, Zj-l1 =FEmp =Y~ Yo/ | U (1)
the innovations sequence is simply identified as | Yos |
def U,
Z3, = FEgj =Yy _YJ|1/|: e ] (10) and
0J
U
and Jh
Z$,=DX;+EUsn =Y/ | Uy | (18)
FEji=]es ein En-1 | = Zih € R™*WNV-9) (11) L Yois |

Note that the F' matrix, which is the square root of
the innovations covariance matrix of the innovations
£j, may be computed through a QR decomposition of
the sequence Z.SI|1'

Similarly, the signal part, or the optimal predic-
tions of the oufputs, }';'J|1 = DX}y, are identified as

def U,
Z% = DX ZYJ|1/[ »g:j ] (12)

and
DXy = Yy —FEj

. [ Yg—€J Yi+1 —EJH1
Dzy- ] = Zgu

[D:EJ D(EJ+1

YN-1—EN-1 ]

The separation of the data into the signal part Z“,ill
and the innovations part Z§,, may be effectively com-
puted through an LQ or QR decomposition of the
matrix

Ry O Q1 | _ | Uolu+g (19)
Ro1 Roo Q2 Yols+1
where g = 0 for closed loop systems and systems with

no direct feed through term in the output equation.
Hence, we have

Z§|1 = Ra1Q1 (20)

c Rmx(N—J)' Z3|1 = Rp2Q2 (21)
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5 Numerical Example

Consider the following system

0.9z + 0.5u, + 0.6¢ex

Tr + ek

(22)
(23)

Tk+1 =
Ye =

with e white noise with unit variance. The controller
is taken as

Uk = O.G(T‘k — yk), (24)
and a deterministic reference signal
r = sin(0.5k) + sin(k). (25)

A Monte carlo simulation study is performed with
N = 2000 data points and M = 100 different noise
realizations eg. The results are illustrated in Figures
1 and 2. As we can see, both DSR_e and PEM gives
consistent results. It shows also that the subspace
method, DSR_e, is as efficient that PEM is. The DSR,
function results in a smaller bias than MOESP. The
parameters L = 1 and J = 6 was used for the DSR_e
function. Parameters L = 2 and J = 6 for DSR and
t = L+ 1 = 3 for MOESP. The DSR_e function is
implemented along the lines in Section 5.

The DSR algorithm gives usually less bias than
MOESP for closed loop data, se Figures 1 and 2. It is
very interesting that the DSR_e algorithm gives pa-
rameter estimates which are as optimal as the corre-
sponding PEM estimates.
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Figure 1: The pole estimates from the closed loop
data as described in Example 5 with reference signal
i = sin(k) + sin(0.5k).

6 Conclusion

A new algorithm for consistent and efficient closed
and open loop subspace system identification is pre-
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Figure 2: The estimates of the B parameter from
the closed loop data as described in Example 5 with
reference signal 1, = sin(k) + sin(0.5k).

sented.
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