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Abstract

A numerically stable and general method for identifying
a full dynamic linear state space model, including the
system order, for combined deterministic and stochastic
systems from time series is presented. Monte Carlo sim-
ulations are used to compare the method with existing
algorithms, N4SID and ARMAX.

1 Introduction

Assume that the underlying system can be described by
a discrete-time, time invariant, linear state space model
of the form

Az + Buyg + Cey (1)
Dz + Euy + e (2)

Thil B3
Y« =

where k > 0 is discrete-time, i.e. an integer, z € &
is the state vector with initial value zy, ¥y € ®™ is the
system output, u € R" is the system input, e € ™ is an
unknown innovations process of white noise, assumed to
be covariance stationary, with zero mean and covariance
matrix E(exe]) = A. A, B, C, D and E are constant
matrices of appropriate dimensions, where (D, A) is an
observable pair.

The problem investigated in this paper is the identifi-
cation of a state space model, including the system order
(n), for both the deterministic part and the stochastic
part of the system i.e. the quadruple (4, B, D, F) and
the double (C, A), respectively, directly from known in-
put and output time series ur and y, Vb =0,..., N -1.

The paper is organized as follows. In Section 2 the
data is organized into data matrices which satisfy a ma-
trix equation. Section 3 shows how the system order and
model matrices can be extracted from a matrix equation.

*Associate Professor, Process Automation (PA)

A numerically stable and efficient implementation is pre-
sented in Section 4. Numerical examples are presented in
Section 5 and some concluding remarks follow in Section
6.

2 Input output equation

Given the system output and input time series, y; and

up, Yk =0,...,N -1, respectively. :
The state space model, Equations (1) and (2), can gen-
erally be written as

Yiq1 = AY, 4+ BU, + CEy, 3)

where the data matrices, Y}, € RImxK [, ¢ RUL+1)rxK
and E) € REHDMXK are given by

Yk Yk+1 Yk42 Y+ K-1
Yk+1 Yk42 Yk+3 Y+ K
Y, = P . i 4 (4)
Ye+4L~1 Yk4L VYk4L41 Y4 L+ K =2
Uk Uk 41 Uk42 Uk4+ K -1
Uk41 Uk 42 Uk43 Ukt K
U= | 3 i : o ®)
Uk4+L—-1 Uk4L Uk+4L4+1 Uk4+ L4 K=2
Uk4L Uk+L4+1 Uk+L+2 Uk4 L+ K -1
€k k41 Ck42 Ck4+ K—1
€L41 k42 Ck43 er+ K
Ep=| : : R (®)
€k+L-1 CEk4L €k+L41 Ck+ L+ K =2
€k+L €k+L+1  Ck+L+2 Ckt+ L+ K-1

The number of columns in Yz, Uy and Ey are K =
N — L ~Fk+ 1 Each column in these matrices can
be interpreted as extended output, input and noise vec-
tors, respectively. K can be viewed as the number of
samples in these extended time series. We also have
that L < K < N. L is the only necessary parame-
ter which have to be specified by the user. L is equal
to the number of block rows in the extended observabil-
ity matrix (O € RE™*"), which will be determined by
the algorithm. For a specified L, the maximum possi-
ble order of the system to be identified, is n < Lm (if
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rank(D) = m, i.e. m independent outputs), or n < Ld
where 1 < d = rank(D) < m, i.e. d independent outputs

(¥) '
The matrices in the extended model, Equation (3), are
given by

A=04(0T0)" 0T (7)
B =[0B-AE, Ei-AE, E,-AE
Er_1—AE, E_ ]
=[OB Hd ]—.A.[Hd Omer ] (8)

¢ =[oc-AR F-AF, F-AF; ]
[ <. Fr_1-AFL Fi ]
=[oc H*])-A[ H Oimxm ] (9)

The matrices F; and F;, ¢ = 1, ..., L, are block columns
in the following lower block triangular Toepliz matrices.

HY = [BE B By |
[ B 0 0
DB E 0
. DAB DB vee O (10)
| DA'=2B DA!=B ... E
H = [R R Fy |
- I 0 <o 0
DcC I e 0
= | pac DC : (11)
: : % 0
| DAL-2¢ DpAI-3C ... I

This paper is concerned with the problem of reconstruct-
ing the system order and system matrices in the state
space model, (1) and (2), from the known data matrices
Y, and Uy which satisfy Equation (3). We refer to Di
Ruscio (1994) and (1995) for a proof of the above results,
which are the basic for the method presented in this work.

Note that the matrices H 4 and H° satisfy the matrix
equation

Yy =OXI=+[ H? Opmx»r ]Uk+[ H® Ormxm ]Ek (12)
where
(13)

Xk = [ Tk Thi1 Tki2 Thpx-1 | € VXK

Equation (12) is frequently used in so called subspace
identification methods, e.g. Van Overschee and De Moor
(1994), Verhagen (1994).

3 System realization and identification

3.1 Determination of 4 and n,0,4,D
The term BUj can be removed from Equation 533) by
postmultiplying with a projection P such that U, P =0,
e.g. P =I-UT(UxUT)~'Uy. Hence, P is the orthogonal
projection onto the nullspace of U;. We have

Yit1 = Yiga U‘;T(UkUE)_lUk = (14)
A(Yi = Y UT(URUT) 2 Ux) + C(Ey, - EXUL (URUT)1UY)

Note that the last noise term in equation (14) is zero as
the number of samples approaches infinity, i.e.
oAl

lim C}?EkUE =0

K=

(15)

The noise term C E}, can be removed from Equation (14)
by postmultiplying with W7 where W; is defined as a
matrix of ”instrumental” variables which is uncorrelated
with Fy, i.e.

1
lim —E,WT=0 Vk>L
Koo K kTS -

(16)

Some alternative instruments, W;, for removing the noise
and which satisfy Equation (16) are as follows. Define

W; e R™XK v ;=1,2,3 (am
where
W1=“;‘:] Waz=Yo Ws=U Vi>o  (18)
A consistent equation for 4 is then given by
Zyy1 = AZ, YE>L (19)
where Zy41 € R™EX and Z, € R™EX" are given by
1 1 1 41
Zry1 = EYHIWI-T - I?-YEHUE(EU,:UE) II?UkW,-T (20) .
Ze = Lvw? - Lyt (Lo Luwr (1)
K*"' K K K 5

Equation (19) is consistent because W;, given by Equa-
tions (17) and (18), satisfy Equation (16).

Algorithm 3.1 (System order, n, and (D, A))
Given the matrices Zpy41 and Z which satisfy

Zrsi=AZ (22)

where

A=040T0)-*0T (23)

and O is the extended observability matrix for the pair
(A, D).

1. The system order n

Determine the Singular Value Decomposition (SVD)

Zy=USVT (24)

where U € RMIxmL g ¢ pmlxni apgd V' g RriXni gre
given by.

Sn 0

U=[U UZ]S:[O 0

[v=(%n ] e

where S, € R"*™ and n is the number of non-zero sin-
gular values of Zj, which is equal to the system order.
n is determined by inspection of the non-zero diagonal
elements of S or SST.

2. The extended observability matrix O for the
pair (D, A4).

The (extended) observability matrix can be taken directly
as the first left part in U, i.e. U;. We have

O=U(:Lm,1:n) (26)
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3. The system matrix A
The system matrix A can be determined as

—1

A=0TZ 1V [ Sn

5 (27)

] =U{ ZraViS;?
4. The system output matrix D

The matrix D can be taken as the m x n upper submatrix
in the observability matrix O, i.e.

D=U(1:m,1:n) (28)
5. The extended system matrix A
We have
A=04(0T0) 10T = Z, . iS; M UT (29)

A

‘We have choosen O = U; in Step 2 for simplicity, because
OTO = I. This gives an output normal realization when
L — oo. The algorithm can also be formulated with O =
US?%, i.e. balanced realization when L — oco. OTO is
equal to the observability grammian as L tends to infinity
because, in this case, DAL~! tends to zero.

3.2 Determination of B and B, E

A consistent estimate of the B matrix can be computed
by the following

B = (Yiq1 — AV)UT (U UT)? (30)

where A is determined from Algorithm 3.1, because

lim C%EkU;—” =0 Yk>0 (31)

K—o0
We refer to Section 4.2 for the case when U, U is singu-
lar.
_ The system matrices B and E can be extracted from
B. E is given directly as the lower right m x  submatrix
of B. We have

E=Bm(L-1)+1:mLrL+1:7(1+1)) (32

B is given as a function of the block columns of B, A and
O. A and O are known from Algorithm 3.1. Define
Bi=B(:mL,r(i—1)+1:m) 1<i<L+1 (33)
as block column number i of B. We have
L+1

OB = ZA‘*E; (34)
i=1

and
L+1
B=Y 4=1(070)"107

t=1

(35)

On strategy for recursively extracting the B, E, H¢ and
OB matrices is as follows.

Algorithm 3.2 Determination of H%, OB, E and B
from known B, O and A.

A=0A(0T0)- 107
Ep=Bry1
E=Er(m(L-1)+1:mL,1:m)
fori:l,...lL ;
Er i=Br_ i1 +AEL_iq1
ifi<L
Er i(1:r(L-i-1),1:7)=zeros(r(L —i—1),r)
end

end
OB = Eg
B =(0T0)"'0T0B

A

4 Implementation with QR decomposi-
tion

Defirie the following QR decomposition
1

—Y=RQ=
VR TR
Uk R11 0 0 0 Ql
1w _| B Roz 0 0 Q2 (36)
VK | Yk R3; R3s Ras 0 Qs
Yis1 Ry Rsp Ryz Ry Q4

where
R € RU@HDFni+mL)x(r(L+1)+ni+2ml) (g7)
Q c §R(r(L+1)+ni+2mL)><K (38)

By definition, W;, is uncorrelated with £;. We can there-
fore remove the noise matrix F; from Equation (3) by

postmultiplying with }ITVVzT We have from (36) that
_ 1
f\!.lj-l.zo -I?

Postmultiplying Equation (3) with [QTQ7], using (39)
and substituting for the corresponding R;; submatrices
from (36) gives

[ Ry Ry |=A[ Rst Rsa ]+B[Ru 0] (40)

T
EWT = (lm B[ @ QF ])[ gﬁ ] =0 (39)

which gives one matrix equation for A and one for both
A and B. We will in the next Sections 4.1 and 4.2 show
how the order n and the system quadruple (4, B, D, E)
are computed from (40).

The stochastic part of the system, defined by the ma-
trices C and A, is computed from

CEvQY
CELQT

R4z — ARs3 =
Ry =

(41)
(42)

This will be shown in Section 4.3.
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Note that the QR decomposition compress the possible
large data matrices into some (smaller) matrices which
contain the information of the system. It is also intresting
that the matrices (information) which defines the deter-
ministic part (4, B, D, E) and the stochastic part (A, C)
are separated by the QR decomposition. The user must
specify the parameter £ > L in Equation 36. We recom-
mend to put ¥ = L. The matrix W, with | = 0, Equation
(18), is recommended for W; in 36.

4.1 Determination of A and D
We have from Equation (40) that

Rys = ARy (43)

and we choose
Zy+1 = Rg (44)
Zy = R3a=USVT (45)

in Algorithm (3.1) in order to determine A, D and the
extended observability matrix O. The system order is
determined by inspection of the dominant singular values
of S or SST.

| Note that the A matrix also can be determined as fol-
ows

01 = 0O@1:(L-1m,1:n) (46)
O = O(m+1:Lm,1:n) (47)
A = (0Ton~tofo, (48)

However, we must put L =: L 4+ 1 in this case if O is

determined from the left singular vectors in (45%.
Another strategy for the determination of the order
(n), A and D is as follows. Compute the SVD

Raz]_[Uu Ulz] Sn 0][VT]_[U11571V§]
Ry | 7| U Un 0o o V;T Tl UaSaV

We then have that A and D are determined from the left
singular vectors as follows

o = Uy (49)
OA = Up (50)
A = (URUL)UR U (51)
D = Uji(1:m,1:n) (52)
4.2 Determination of B and E
We have from Equation (40) that
BRy1 = Ry1 — ARg: (53)

B can be determined directly from (53) if the input u is
persistently exiting of order L+ 1. R;j is non singular in
this case. We have

B = (Ra1 — ARs1)RY (R1RT)™ (54)

The B and E matrices are then extracted from B as
pointed out in Section 3.2.

At this stage, the system order is identified (Algorithm
3.1). It is possible to determine B and E if the input is
only persistently exiting of order p + 1 where L;; <
p < L, directly without recomputing the algorithm with
L = L or L = p. The minimal observability index,
for a given system order, is Ly, = n — rank(D) + 1
when n > rank(D) and Lp,;, = 1 when n < rank(D).

Define

O, = O(1:mp,1:n) (55)
4, = 0,A(070,)"'0T (56)
Ry, = Ru(l:r(p+1),1:7(p+1)) 567
RE, = Rs1(1:mp,l:r(p+1)) (58)
R, = Ru(l:mp,l:r(p+1)) (59)
We then have
BPR€1 = Rﬁl - A~PR§1 (60)

This result is a consequence of Equation (3) with L sub-
stituted with p. Note that the minimal observability in-
dex, for a given system order, is p = n — rank(D) + 1
when n > rank(D). The B and E matrices are then ex-
tracted from Ep as shown in Section 3.2 and Algorithm
3.2 with L substituted with p.

4.3 Determination of C and A

Define F' as the m x m lower right submatrix in the lower
triangular matrix R4y, i.e.

F=Ry(m(L-1)+1:mL,m(L—-1)+1:mL) (61)

The noise (innovation process) covariance matrix is then
given by

A=FFT (62)
and
OC = Ry3(1:mL,1:m)F~! (63)
[ AF ERF FLF | = Rya(1:mL,m+1:m(L +1)) (64)

The H® matrix, equation (11), is then determined from
(64). The stochastic subsystem is identified separately
from the deterministic subsystem. The necessary sepa-
ration into deterministic and stochastic subsystems are
implicitly done by the QR decomposition.

The first (L — 1)m rows in Yj4; are common with the
(L~1)m last rows in Y}. Q4 is uncorrelated with Uy, W,
Y} and with the (L — 1)m first rows in Yx41. The first
(L — 1)m rows in Y;4+1Q7 and E;Q7 are therefore zero.
We then have from (36) and the structure of C, given by
(9) and (11), that

0 0 .+ O
. 0 0 0

Yi+1QF = CExQf = Rus = (85)
0 0 F
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where Rys € RE™XE™ The result (62) is then clarified.
@; is orthogonal and we have

F 0o ... 0
0 F 0
0 0 .« F
0 0 can 0]

Another strategy is then to compute OCF from Equa-
tions (41) and (66), and an algorithm similar to Algo-
rithm 3.2. This strategy is found from monte carlo simu-
lations to be the best one. Note however, that the simple
solutions (63) and (64) pulls out because of the block
diagonal structure of (66).

4.4 Special remarks

One advantage of the QR implementation of the algo-
rithm is that potential ill-conditioning of the covariance
matrices are concentrated in a certain triangular matrix.
This ill-conditioning usually results from ill-conditioned
noise processes, (process noise and measurements noise).
Note that the triangular matrix is the square root of the
covariance matrix (H = }%??T where tildeY is defined
in (36) and that the triangular matrix is computed with-
out never computing the covariance matrix. The method
can therefore be defined as numerically stable.

The QR decomposition is not unique. The R matrix
is postmultiplied by a diagonal permutation matrix E
such that R := RE have positive diagonal elements. The
diagonal elements of E are equal to the sign of the cor-
responding diagonal elements of R which was the result
from the QR decomposition. Note also that @ := EQ and
EFE = 1. This gives a more unique coordinate system for
the estimated (A, B, D, E') quadruple. This scaling is also
on of the reasons for the simple solutions for the C and
A matrices in Section 4.3. The scaling ensures that the
diagonal blocks of (66) gets the same sign.

Note that common rows in the data matrices Y} and
Yi41 can be removed prior to obtaining the QR decom-
position. There will also be one common block row for
Up and Uy (when k& = L) which can be excluded from
the QR decomposition when the instrument Wi, Equa-
tion (18) is used. It is also clear from the above that
the orthogonal Q matrix (QQT = I) is not needed in the
algorithm. This will reduce the computational effort con-
siderably. In fact, the QR factorization works on a data
matrix of size only (2L 4+ 1) + m(2L + 1) x K and not
of size 2r(L + 1) + 3mL x K as indicated in (36).

Another strategy for determining R is to first compute
H = YYT where Y is defined in (36) and then the
SVD, H = USVT, followed by a QR decomposition of
US# in order to obtain the lower triangular matrix, R.
This strategy reduced the number of flops and the accu-
racy of the R matrix when MATLAB was used for the
computations. However, no significant difference in the
estimated models where observed.

Equation (53) is defined by the triangular factors for
Equation (30) with &£ > L.
BUUT = Yiq U - &Y, Uy (67)
It is also possible to extract the triangular factors for
BUUT = iUF - AV U,

directly from the QR decomposition (36) when k = L.
It is therefore naturally to choose

(e8)

B[ Ru Ry |=[Ru Ry |-4A[ R Ry ] (69)
for defining B. Equation (69) consists of the triangular
factors for both UUT and %Uo,UF. Equation (69)
have effect for systems where the input signal is poor
with frequencies, but gives no additional effect compared
to (53) for e.g. white noise inputs.

Note that the stochastic part of the model is deter-
mined from QR and SV Decompositions only. No Lya-
punov or Riccati matrix equations has to be solved.

The method have in this work been illustrated for sys-
tems which is not strictly proper (only proper), i.e. the
case when E # 0 in the underlying model (2). The
method can also be implemented to handle proper sys-
tems, i.e. systems where E is known to be zero. This can
be done by deleting the last block row in Uy and the last
block column in B, see Equation (3).

5 Monte Carlo Simulation

5.1 Example 1

A scalar example is chosen to compare the algorithm pre-
sented in this paper, which is entitled DSR (Determin-
istic Stochastic Realization), with two other algorithms,
N4SID (Van Overschee and De Moor (1994)) and AR-
MAX (MATLAB: System identification toolbox, Ljung
(1991)).

0.9z 4 0.5u, + 0.6ey
1.0z — 1.0ug + e

(70)
(1)

Tpy1 =

ye =

Three types of input signals where used. One input equal

to a sum of four sinusoid signals, u!, one input equal to a

white noise signal with unit covariance, u?, and one equal
to a sine, u3.

ul up = 0.2(sin(%) + sin( 1%) + sin(lsi) + sin(k))

2

U White noise, unit covariance

3

u ug = ain(k)

For each input the time series (y,ux) was generated
by simulating the model with 100 different white noise
sequences e also with unit covariance.

The DSR algorithm parameter L was changed from 1
to 5 and the N4SID parameter I from 2 to 6. For each L
and J, the mean and standard deviation of the parameters
of the 100 different estimated models are presented in
Tables 1 to 6. These tables are presented in Di Ruscio
(1995). The results obtained by the ARMAX algorithm
are also shown in the tables. Se Ljung (1991) for the
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description of the parameters nn = [1,2,1,0] which is
used as arguments to ARMAX.

The true deterministic system quadruple is denoted
(a,b,d,e) :=(0.9,0.5,1,—1) and the deterministic steady
state gain and deterministic zero are denoted H4(1) = 4.0
and pq(l) = 1.4, respectively. The parameters in the
stochastic part of the model are (¢, A) := (0.6,1). The
stochastic steady state gain and stochastic zero are de-
noted H*(1) = 7.0 and p,(1) = 0.3, respectively. The
signal to noise ratio is as low as 0.4, hence, the identifi-
cation problem is not simple.

The N4SID algorithm some times estimated systems
with negative (b,d) parameters, i.e. some times an es-
timated quadruple (a,b,d,e) and some times (a,-b,-d.e).
This happened with the algorithm parameter I = 3 and
with an random input signal. It is believed that this can
be avoided by using a scaling similar to that presented in
Section 4.4.

The results are very good for both the DSR method in
this paper and the N4SID method, Tables (1) and (2).
There are small differences in the estimated models for
both methods when N is large, se Tables (1) and (2).

The DSR method is at least as good as N4SID when
the number of samples are small (for this example and
with N = 200 and N = 500 samples) see tables 3 to 6.

It is also intresting to observe that the results from
DSR are as good as the results from ARMAX, even for a
simple SISO system. Note that the ARMAX method is
based on iterative optimization but that the DSR method
only is based on SVD and QR decompositions. Note
also that the ARMAX method is rather complicated for
MIMO systems while the DSR method is very simple.

5.2 Example 2

A two input two output system with the following model
matrices is considered.

[ 15 1 01 00
A = -0.7 0 0.1 B=|0 1 (72)
| 0 0 085 1 0
_ [3 0o -0s6 _[o o
b = 0 1 1 ] E= [ 0 0 ] (73)
[ 0 01
| 0 02

The system have a deterministic zero at —3, i.e. the
system is non-minimum phase. The eigenvalues of A are

0.85,0.75 £ 0.3708.
The deterministic and stochastic gain matrices are
given by
Aoy 16 15 oA 2.5 4.7
H(1) = [ 2.6667 —2.5 ] EN = [ -0.25 1.1833]

The algorithm gives exact results when A = 0. Hence,
this result is not presented. The time series yi,u; was
generated by simulating the model with one particular
random noise process e with covariance A. The input
was u = [u*u?)T. The DSR parameter was fixed to L = 6.
The following estimates are obtained by DSR.

A41) = [ 15.6575 14.6168 ] o) = [ 2.3625

4.5583
2.5576 —2.4188 —0.2436

1.1275

—0.0244
0.9859

System Singular Values Condition numbers

100 1 R RN 'l

- ..‘.i..il.l.f LR

107} 10°
10" EEa 100 Ly - i
a S5 10 15 a S 10 15
System order System order

Sysiem Singular Values Condifon numbers

o 5 10 15 o 5 10 15
System order System order

Figure 1: Singular values and condition numbers for sys-
tem order estimation. The noise free case with A = 0,
upper. The case with A = I, lower.

6 Concluding remarks

An algorithm for subspace identification of state space
models on innovations form directly from given input out-
put data is presented. The method determines both the
deterministic part and the stochastic part of the model.
The algorithm gives exact results in the deterministic case
and consistent results when the system is influenced by
noise.
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