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Abstract.

In this note we present equations that uniquely determine the maximum possible imaginary value

of the closed loop eigenvalues in an LQ-optimal systc:n, irrespective of how the state weight matrix is chosen,
provided a real symmetric solution of the algebraic Riccati equation exists. In addition, the corresponding state
weight matrix and the solution to the algebraic Riccati equation are derived for a class of linear systems. A
fundamental lemma for the existence of a real symmetric solution to the algebraic Riccati equation is derived

for this class of linear systems.
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1 Introduction

Application of the LQ approach to regulator design in-
volves choosing the state and control input weighting
matrices, Q and P, that provide satisfactory closed-
loop performance. The closed loop perfermiance is re-
lated to the locations of the closed loop eigenvalues.
In some applications we are not interested in the exact
locations of the closed loop eigenvalues, rather the re-
gion where the eigenvalues are located. For example,
approximate knowledge of the locations of the closed
loop eigenvalues is required when designing the per-
formance weights. The problem of determining the
region where the closed loop eigenvalues are located is
the topic of this paper.

We know that for a suitable choice of perfor-
mance weighting matrices the real part of the closed
loop eigenvalues can be located all along the negative
real axis in the complex plane. This means that the
real part of the closed loop eigenvalues is not bounded.
This is generally not the case for the imaginary parts
of the closed loop eigenvalues.

In this paper we will show and determine an ex-
act upper bound for the imaginary part of the closed
loop eigenvalues for a class of linear systems. In addi-

tion, the corresponding ”worst case” state weight ma; .

trix and the solution to the algebraic Riccati equation
are derived. A fundamental lemma for the existence

of a real symmetric solution to the algebraic Riccati-

equation is derived for this class of linear systems.

The rest of the paper is organized as follows.
Section 2 presents the problem definitions, i.e. deter-
mines the maximum possible imaginary eigenvalue in
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an LQ-optimal system, the corresponding state weight
matrix Q, and the corresponding solution to the alge-
braic Riccati equation. Once the maximum imaginary
eigenvalue is determined, we will show that the closed
loop eigenvalues are located inside a horizontal strip
in the complex plane, no matter how the state weight
matrix is chosen, provided a real symmetric solution
of the algebraic Riccati equation exists. The problem
solution is stated in Section 3. Numerous examples
are given in Section 4 and some concluding remarks
follow in Section 5.

2 Problem formulation
Consider the linear, time-invariant, dynamic system
z=Az+ Bu (1)

where (A,B) is a stabilizable pair, and the quaflfatic{
objective functional of long or infinite settling time

7= % / (2" Qz + u" Pu) dt @
0

where z is an n-dimensional state vector,  is 21 r;__
dimensional control input vector, A and B are Consmne-_
matrices of appropriate dimensions and Q and Pﬂ:sr
n x n symmetrical and r x r positive definite mab_l'”-'*
respectively. It is assumed that (Q%, A) is a det.fcta 3
pair. The optimal control that minimizes criteflon
and the corresponding closed loop system 18 givenl |

y.

(@

Gz, G=-P 'BTR
(A+BG)z = (A - HR)Z

I
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where H is given by ( 6) and R is a solution to the
algebraic Riccati equation (ARE)

-R=ATR+RA-RHR+Q@=0 (5)
H=BpP-1BT (6)

The ARE ( 5) can have solutions which are real or
complex, symmetric or non-symmetric, definite or in-
definite and the set of solutions can be either finite or
infinite. See, among others Kuéera (1989), Lancaster
and Rodman (1980), Willems (1971). This paper is
restricted to real symmetric solutions of the ARE.
Both the closed loop system eigenvalues, and the
solution R to the ARE can be determined from the

state/co-state system matrix ( 7), Laub (1979), Di

Ruscio and Balchen (1990). The state/co-state system
matrix (the Hamiltonian matrix) is derived from opti-
mal control theory by augmenting the co-state equa-
tion p = —Qz — ATp to the state space model ( 1),
with the optimal control input vector u = —P~1BTp.
The Hamiltonian is

e[ 4 TE] e @

-Q -AT

We will show that when H > 0 then the closed loop
eigenvalues are bounded by the region shown in Figure
(1), irrespective of how the state weight matrix Q is
chosen, provided there is a real symmetric solution of
the ARE. Thus the problem is to determine the max-
imum possible imaginary value 84z, the correspond-
ing ” worst casc” state weight matrix Q, and the corre-
sponding real symmetric solution R to the ARE. fnaz,
Q and R are extreme solutions to the LQ-problem.
Note that H > 0 only when dim(z) = dim(u} =1 -

Im
No solutions in this region
rA 4 £ jBmac
~ Re
|
No solutions in this region

Figure 1: Region where the closed loop eigenvalues are
located.

3 Main results

The main results in this section are stated in three
lemmas. Lemma 1 consists of a necessary and suffi-
cient condition for the existence of a real symmetric
solution to the ARE. Lemma 2 and 3 state analytigal
solutions to the n-dimensional algebraic Riccati equa-
tion where the corresponding closed-loop eigenvalues
determine a finite upper bound of the imaginary value.

We will prove that the imaginary part of these closed
loop eigenvalues is the maximum possible in an 'LQ-
optimal system, no matter how the state weight ma-
trix Q is chosen, provided there is a real symmetric
solution of the ARE.

Lemma 1
When H = HT > 0, then there is a real symmet-
ric solution R to the algebraic Riccati Equation
( 5) having the property Re A(A — HR) <0, if
and only if, the symmetrical state weight matrix

Q satisfies
@-Q-Xw20 YweR! (8)
where
Q = —(H'Zi+ATH'4)
= ZITH 'Z,- ATH'A (9)
X = H'(ljw- 2o)?
= —H '(lw+jZ)* (10)
Zy = —;-(A— HATH-Y) (11)

A proof of Lemma 1 follows immediately after the
statement of Lemma 2. Note that there may be sym-
metric matrices Q, satisfying Lemma 1, which are neg-
ative semidefinite, indefinite and (of course) positive
semi-definite.

Lemma 2 .
A unique solution to the algcbraic Riccati equa-
tion with closed-loop eigenvalues at the imaginary
axis is given by

Ry = l(H‘1A+ATH‘1) (12)

Qo = %H‘IZO -ATH™'A  (13)
where the closed-loop system matrix Zg is given
by

Zo=A—-HRy= %(A ~-HATH™Y) (14
The closed-loop eigenspectrum is given by
Ai(A— HRo) = Xi(Zy), i=1,..,n (15)

The spectrum ( 15) is purely imaginary. This
means that the eigenvalues of ( 14) consist of -
p complex-conjugate imaginary eigenvalues and '
s eigenvalues in origo, where n = p + s.

Proof of Lemnma 1 and 2

There is a real symmetric solution to the algebraic
‘Riccati equation having the property Re A(A—HR) <
0, if and only if, (Lemma 5, Willems 1971),

[I — BT(—Is — AT)~"'GT|P[I - G(Is — A)~'B]
= P+ BT(~Is — AT)=1Q(Is — A)~B > 0 (16)
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for all s = jw, where we Rl and g = —P‘IBTjR.
Pre-multiplication with BP=1 anq post-multiplication
with P=18T we see that ( 16) is equivalent to

(I+H(=Is — AT)-1R)g[] + R(Is - A)~1H] =
H+ H(-Is - ATY=1Q(1s — A)TLH >0 (17)
Pre-multiplication with (=Is ~ AT)H-1 ang post-

multiplication with H=1(1s A) we see that (17)
is equivalent to

[-Is— (A= HR)TIH-1[1s - (A-HR)] =
(=Is— AT)H-1(15 _ A+Q>0 (18)

Equation ( 18) shows that for all s =

satisfy

Jw, Q must

Q> —(~1Is - AT)H‘I(IS —-A)=
—(—H~142 +2H-lzos+ATH-1A) (19)
where Z; is given by ( 14). Equation ( 19) can be
written as

Q—-Qo>—~(Is - Z0) H™Y(Is —2y) =

H™N(Is - 20)? = —gr-1(p,, +iZ0)* € x (20
where the super-index # denotes the complex conju-
gate, and Qq is given by ( 13). Equation ( 20) must
be satisfied for all s = Jw, where w € RIL, Note
that X = xH <0, VweR!l T, show that X is
Hermitian, use the fact that o = ~HZTH-'. T,
show that X < 0 we use the fact that the spectrum
MZy) is purely imaginary, Alw + jZy) is real and
A Tw +7Z5)* > 0 and real. A proof of the statement
that A(Zy) is purely imaginary, is given in Appendix
A. Note that the maximum of X is zero, in a matrix
sense, and appears for all 5 — Ai(Zo), i= 1.
show this, take the determinant of X.

From Equation (20) and the fact Ithat X <0 must be
satisfied for all rea] we find that the state weight
matrix Q must satisfy

@~Q2>X, 0>x (21)

and Lemma | js proved. From ( 21) we know that the

extreme solution ig given by Q = o, and Equation
(13) is proved.

An alternative Wway to establish this regu]t is as follows.
We are interested in extreme solutions at the imagi-

nary axis. We then choose the equality condition of
(19), i.e.
~(=H s 4 o175 | ATH-19)

Qs) =

= Qo+ X(s) (22)"

where X is defined in (20). ( 22) has a minimugn value,
. ) 3"'1‘. !l ) _ -1 J
I 2 matrix sense, because 3s3 - = 2H"1 >0, This

minimum value is the solution to the problen
minimum value, in a matrix sense, is given by
990) _ g1y, Zs) =0
ds
= 5=X(2), i=1,.n

Substituting the condition for a minimum, Eqi
(23), in ( 22) or (20) we derjve Equation ( 13),

Observe that Qo, Equation (9) or ( 13), is symp
The symmetry of (9) is shown by expanding the
H=122 in Qo. We have

Qo= - 41(H-1A2 F(AOTH - 145 41
- ATH '4) _ aTp-14

loshow that R, (Equation (12)) is the correspon
solution to the ARE, we simply write the closed

A-HRy =2, = %(A —HATH-1
Equation (25) is satisfied, if
Ry = %(H‘IA +ATH-1 {

With standard algebraic manipulations it ig easy
see that ( 13) and ( 12) satisfy the algebraic Ric.
equation, and Lemma 2 is proved,

Lemma 3
A unique solution to the algebraic Riccat; eq
tion with real parts of the closed-loop eigenval)
equal to —q and constant imaginary parts equ
to 5; = Ai(2Zo), i = L,...,n are given by

R, Ro+ AR, AR=qp-1 (2
Qa Qo+AQ, AQ=q2f-1 (2

where Ry and Q, are given in ( 12) and (13
The closed-loop system Z, is given by

Za=A-HRy = —of + %(A — HATH-1y (¢
The closed-loop eigenspectrum is provided by
Ai(A - HR,) = —a + Ai(Zy), i=1, wan (30

where Z; is defined in ( 14). The spectrum M2y,
1s purely Imaginary.
Proof of Lemma 3
The equality in ( 17) can be written as
[T+ H(Is* — AT)~1 Ry pp7 | R(Is — A)~1f] =
H 4 H(Is* - ATY-1Q(1s - A)1H

~2aH(Is* — AT)-1p(1s ~A)-1H > g (31)

where s = 0 4 5 and o — Jw. From ( 31) we get

Q(s) > —(Is" - AT)H‘I(IS —A)+2aR (32)
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Substituting s = —a + o in ( 32) we get
Q(s) > —(~H Yo? + 2H " Zo0 + ATH1 4)
~H 'o®?— (H A+ ATH Na+2aR (33)

We then

Ve are interested in extreme solutions.
choose the equality condition of ( 33).

Firstly, we optimize ( 33) with respect to o and get

dQ(s)
da

( 34) is satisfied, if and only if,

=2 'a—(H'A+ ATH V) + 2R =0(34)

R_l

= S(H'A+ATH™) + aH~" = Ry + AR (35)

and Equation ( 27) is deduced. Substituting ( 35) into
( 33) we get

Q@

Y

Qo +H_1(IU - ZO)2
Qo — H™ M (Iw +j20)*

(36)
Secondly, we have to optimize ( 36) with respect to w.
This problem is identical to proving Lemma 2, and the
reader is referred to the proof of Lemma 2. A proof of
the statement that the spectrum A(Zp) is purely imag-
inary, is given in Appendix A.

We see that the extreme imaginary eigenvalue is in-
dependent of the real part o and that the results in
Lemma 3, with « = 0, are identical to the results in
Lemma 2. From ( 34) we see that it is possible to locate
the closed loop eigenvalues all along the real axis; -and
that the imaginary parts are limited by ( 29). With
standard algebraic manipulations it is easy to see that
( 28) and ( 27) satisfy the ARE, Equation ( 5), and
that ( 29) is the corresponding closed loop system ma-
trix.

Note that Equations ( 17) and ( 31) are special cases
of a more general formulation, namely

I+ H(S* — AT 'RIH[I+ R(S - A)~'H] =
H+ H(S* - AT)"Y@Q+ SR+ RS)(S — A)™'H (37)

where S € CXI j5 a complex matrix. Equation ( 17)
is derived from ( 37) with S = Is = Ijw and Equation
( 33) is derived from ( 37) with S = I(-a +0) =
I(—a + jw). The closed loop system matrix S = Z =
A — HR satisfies Equation ( 37).

Remark 1

An LQ-optimal system, when H is non-singular, has

only real eigenvalues, for all Q satisfying Lemma 2, if
Zo=0 = AH-HAT =0 (38)

This means that the control input weight matrix P

(H = BP~'BT) can be chosen to position the imagi-

nary parts of the closed loop eigenvalues.
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Remark 2 :

As a consequence of the above discussion we have the
maximal possible imaginary value § in an LQ-optimal
system, when H is non-singular, is given by

,Bmar =mar I /\,(Zo) |, 1= 1, R £} (39)

Note that the eigenvalues of Z, are always located at
the imaginary axis. A proof is given in Appendix A.

Remark 3

Note that the maximum imaginary value of the
closed loop eigenvalues is independent of a multiplica-
tive scalar perturbation of the nominal control input

weight matrix P, P, = pP, p > 0 and p € R1. This
is seen from Equations ( 14) or ( 29).

Remark 4

Note that AR = aH™!, AQ = o?’H~! and A —
HAR = —oal + A in Lemma 3 also is a solution to
the LQ-problem. This means that the feedback ma-
trix G = —aP~'BT H~! moves the eigenvalues of A a
certain amount, —«. This result can be used, for ex-
ample to determine an initial stabilizing control feed-
back matrix.

Remark 5
From Equation (18), we have that an alternative form
of the ARE, when H is non-singular, is given by

(A—HR)TH Y (A—HR)=ATH 'A+Q (40)
From (40) we have the relation
(det(A4 ~ HR)]? = [[T'oy (A~ HR)P

_ det(ATH™'4+Q)
- det(H-1)

(41)
which relates the closed-loop poles to A, H and Q.

4 Numerical examples

4.1

Consider the system (equal to Example 1 in Di Ruscio

and Balchen, 1989)
10
] = [ 0 5 ](42)

Example 1

0
— -1gT — 43
H=8p157 = | o5 | (43)
The system eigenvalues are
A(A) = =2, A(4)=-1 (44)

The extreme solutions of the LQ-problem at the imag-
inary axis are given by (Equations ( 13), ( 12) and
(-14))

_[-775 50 _[-20 2'5](45)
Q°‘[ 5.0 1.25] RO‘[ 2.5 —5.0

_[o0o -25 (46)
Zo= [ 05 0.0 ]
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The eigenvalues of the optimal closed loop system Zy
are given by

: . VD
A(ZO) = )\(A - HRO) . i]ﬂmar = i]%:

(47)
The stable extreme solutions of the LQ-problem, with
real parts of the closed loop eigenvalues equal to
—a, a > 0 are given by (Equations ( 28), ( 27) and
(29))

[ a«®?=775 5
Q“‘[ 5 5012—}—1.25]

w2 25 [ o -25
R“’[ 2.5 5&—5]20‘_[0.5 —a ](49)

The eigenvalues of the optimal closed loop system Lo
are given by

(48)

A(ZC') . ’\(A - HRO!) =—azx jﬂma:p

—aij?z—aijl.lw (50)
Note that | Qa |= 0 for a = —\/ 22 + V21 ~ —2.89,
Qu > 0 for o < —2.89 and Qa < 0 for —2.89 < o < 0.
The region where solutions to the LQ-problem occur
is illustrated in Figure ( 2)

Im
No solutions in this region t
S/ [Qul=0 |8
Q>0 Q<0
. Re
—-2.89
Q >0 o Q <0 _J)@
a7 N 4 [Qa[=0 :

No solutions in this region

Figure 2: Region where solutions to the LQ-problem
occur.

4.2 Example 2

Consider the same system as in Example 1, but with
a free control input weight matrix P. The question
we raise in this example is. What choice of P would
Jead to an LQ-system with only real closed loop eigen-
values, itrespective of how the state weight matrix Q
is chosen? We get the answer to this problem from
Equation ( 38).

Z0=0 = AH-HAT =0 (51)

Equation (51) is satisfied, if

P =
KI;Z I;Z } pr >0 P2pr—pyy >0 (52)

uly 2-5 1991

4.3 Example 3

Consider the system

A:[g H B:P:Hz[(l) H (53)

and the State We‘\ght matrix
4 ]
.

For which real values of k can we establish a real sym-
metric solution to the ARE, Equation (5)7 In Lemma

(54)

Ol

Q=on=k[

1 ( 5) has a real symmetric solution, if and only if,

€

Q—Qo—X(W)

Il

2

k%-}—w? J
—jw —k%+1+w

]
(55)

> 0, YweR!

From Equation { 55) we get the conditions

k:ll-+w2 > 0, VwERl
k(1 —k)
4

from ( 56) and ( 57) we find that a solution exists, if
and only if,

k
W=7+ > 0, YweR!

0 <k <1

(58)

5 Concluding Remarks

o For a class of linear time invariant systems, when
dim(z) = dim(u) =n, we have shown that there
is a finite upper bound on the imaginary value
of the closed loop eigenvalues, no matter how
the state weight matrix is chosen, provided there
is a real symmetric solution of the ARE. When

" dim(z) # dim(u), when det(H) — 0, the maxi-
mum imaginary value of the closed loop eigenval-
ues goes to infinity.

e We have derived the maximum possible imaginary
value Bmaz, the corresponding worst case state
weight matrix Q and the corresponding solution
R to the algebraic Riccati equation. fmaz, Q and
R are extreme solutions to the LQ-problem.

o These solutions are uniquely determined by the
system matrix A, the control input matrix B and
the control input weight matrix P. These solu-
tions give valuable insight into the LQ-optimal
problem.
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Appendix A

In this appendix we will prove tuat the spectrum A(Zy)
is purely imaginary. Zp is defined in Equation ( 14),
and can be written as

Zy=—-HZIH™! (59)

The matrix H is assumed to be positive definite, then
the Cholesky decomposition exists. We have

H=LLT (60)

where L € R*X is a lower triangular matrix. Com-
bining Equations ( 59) and ( 60) we get

L™YZ3L = —(L~*Z,L)T (61)
By similarity transformation we see that the spectrum
MZo) = ML~ ZoL) = =A[(L™1Z,L)T] (62)

is purely imaginary because the matrix L=1ZpL is
skew symmetric. Note that the eigenvalues of a skew
symmetric matrix are purely imaginary, and that the
eigenvalues of a symmetric matrix are purely real.



