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Abstract: An input and output model is used for the development of a model based
predictive control framework for linear model structures. Different MPC algorithms
which are based on linear state space models or linear polynomial models fit into this
framework. A new identification horizon is introdiicéd in order to represent the past.
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1. INTRODUCTION

A method and framework for linear Model Pre-
dictive Control (MPC) is presented. The method
is based on a linear state space model or a linear
polynomial model. There are two time horizons
in the method: one horizon L for prediction of
future outputs (prediction horizon) and a second
horizon J into the past (identification horizon).
The new horizon J defines one sequence of past
outputs and one sequence of past inputs, which
may be used to estimate the model or only the
present state of the process. This eliminates the
need for an observer. This method is refereed to
as Extended state space Model Predictive Control
(EMPC). A second idea of this method is to obtain
a framework to incorporate different linear MPC
algorithms.

The EMPC method can be shown to give identical
results as the Generalized Predictive Control
(GPC) algorithm (see Ordys and Clarke (1994)
and the references therein) provided the minimal
identification horizon J is chosen. A larger identi-
fication horizon is found from experiments to have
a positive effect upon noise filtering. Note that the
EMPC method may be defined in terms of some

matrices to be defined lather. This can simplify the
computations compared to the traditional formu-
lation of the GPC which is based on the solution
of a polynomial matrix Diophantine equation. The
EMPC algorithm is a simple alternative approach
which avoids explicit state reconstruction. The
EMPC algorithm does not require solutions of
Diophantine equations (as in GPC) or non lin-
ear matrix Riccati equations (as in Linear Quad-
ratic (LQ) optimal control). The EMPC method
is based on results from a Subspace IDentification
(SID) method for linear systems presented in, e.g.
Di Ruscio (1997a). Other SID methods are presen-
ted in Van Overschee and De Moor (1996). An SID
method can with advantage be used as a modeling
tool for MPC.

The contributions herein are: The inclusion of
a new identification horizon for MPC. The de-
rivation of a new input and output relationship
between the past and the future data which e.g.
generalizes Proposition 3.1 in Albertos and Ortega
(1989). The framework for the derivation of pre-
diction models from any linear model. The main
results in this paper are organized as follows. A
matrix equation is presented in Section 2. Two
prediction models are proposed in Sections 3.1 and
3.2. The prediction model is analyzed in Section
3.3. The MPC strategy is discussed in Section 4.
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2. PRELIMINARIES
2.1 System description

Consider a process described by a linear, discrete
time invariant state space model (SSM)

g;k+1:A:L‘k+BUk+CUk) (1)
yx = Dzg + FBug + Fug, (2)

where k is discrete time, z;, € R™ is the state, u, €
[R" is the control input, vx € R’ is an external input
and yx € R™ is the output. (4,B,C,D,E,F)
are of appropriate dimensions. In continuous time
systems E is usually zero. This is not the case in
discrete time due to sampling. However, for the
sake of simplicity in notation, only strictly proper
systems with ' = 0 are discussed. The only proper
case in which E # 0 is straightforward because
we will treat the case with external inputs v, and
F +# 0. There is structurally no difference between
inputs ug or external inputs v in the SSM, (1)
and (2). It is assumed that (D, A) is observable
and (4, B) is controllable.

An alternative is to use a polynomial model (e.g.
ARMAX, CARIMA, FIR, step response models
etc.), which in discrete time can be written as

Yk +1 = AlUk-no+iine + Bk-ny+iln, T CVk—n41jn.,

(3)

where we have used the definition
def i T i
v = [of via - Vi) € RT(4)

which is refereed to as an extended (output)
vector. A € RM*xnam B ¢ R™X™" and C €
R™*7d are constant matrices. Note that all linear
polynomial models, represented by the difference
model (3), can be transferred to (1) and (2). Only
deterministic systems are considered in this paper.

2.2 Definitions

Given the SSM, (1) and (2). The extended observ-
ability matrix @; for the pair (D, A) is defined as

o, % . e Rimxn (5)
DA!
where 7 denotes the number of block rows.

The reversed extended controllability matrix Cf
for the pair (A4, B) is defined as

C'd déf [A;'—IB Ai—z B] € ]Rﬂx‘r; (6)

where 1 denotes the number of block columns.
A matrix €} for the pair (A, C) is defined similar,
L.e., with C' substituted for B in (6).

The lower block triangular Toeplitz matrix H{
€ RMXU-Lr for the triple (D, A, B)

0 0 w0

DB 0 e 0

szd_if DAB DB 0
§=

(7)
DAI=?B DAI=®B ... DB

A lower block triangular Toeplitz matrix #]
€ R™ for the quadruple (D, A, C, F) is defined
similarly. See e.g., Di Ruscio (1997a).

Define Aug = ug — ug—1. Using (4) we have

ug|L = SAug)p + cug-1 (8)

where S € RL™XL" and ¢ € RE"%" are given by

I Op v Or Ir
Ir Ir con Op I

S=1. .. . |e=|.], (9)
Ir Ir Ir Iy

where I, 1s the r x r identity matrix and 0, is the
r X r matrix of zeroes.

2.3 Eztended state space model

Proposition 2.1 A linear model ((1) and (2), or
(3)) can be described with an equivalent extended
state space model (ESSM)

ka1 = Arykir + Brukys + Crvgiper. (10)

L is defined as the prediction horizon such that

L > Lpin where Ly, sufficient for the ESSM to

exist, is in case of (1) and (2) defined by

[ def [ rank(D) + 1 when rank(D) < n
mrT when rank(D) > n °

The extended output or state vector ygr, the
extended input vectors ugz and wgjpy1, follows
from the definition in (4). The matrices in (10)
are in case of an SSM ((1) and (2)) given as

AL ¥ o 40%0,) 107, (11)
B'Ld-_gf[OLB 'H%]—A’.L[Hi 0Lm><r]v (12)
éL d;'_-f [OLC 'Hi] —AL [7{2 Omel] ) (13)

where A; € RImxIm B, ¢ RLmxXLr and Cr
€ Rme(L+1)l_
The polynomial model (3), can be formulated
directl¥" as (10) for L > max(ng,ns,nc) by the
use of (14)-(17).
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Proof. See Di Ruscio (1997a). O
The importance of the ESSM for model predictive

control is that it facilitates a simple and general”

method for building a prediction model from a
linear process model. Note, it is in, general not
sufficient to choose L,;, as the ceiling function
[2]. The ESSM transition matrix Ay has the
same n eigenvalues as the matrix A and Lm —
n eigenvalues equal to zero. This follows from
similarity transformation on (11).

In the SID algorithm, Di Ruscio (1997a), it is
shown that the ESSM can be identified from a
sliding window of known data. However, when
the inputs used for identification are poor from
a persistent excitation point of view, it is better
to identify only the minimal order ESSM. Note
also that L, coincides with the demand for
persistent excitation, i.e., the inputs must at least
be persistently exciting of order L, in order to
identify the SSM from known input and output
data.

Consider an ESSM of order J defined as follows

Yet1]7 = AJyHJ + BJUHJ + C’Jvk|1+1. (14)
Then, an ESSM of order L is constructed as

5 _ [0@=symxm IgL-J)mx(L—l)m]
AL = , (16
L Omxz=nym As (18)

= _ [0@-symxLr ]

By = .. 16
= Omx(z—-ayr Bs (18)
= _ [ O0=-symx(p+1) ]
Cr=1], ar
£ | Oumx(L-d)t Cs

where Lpyin < J < L. J is defined as the
identification horizon. This last formulation of the
ESSM matrices is attractive from an identification
point of view. It will also have some advantages
with respect to noise retention compared to using
the matrices defined by (11) to (13) directly (i.e.
putting J = L) in the MPC method which will be
presented in Sections 3 and 4.

(17)

3. PREDICTION MODELS
3.1 Prediction model in terms of process variables
Define the following Prediction Model (PM)

Yes11L = pL(k) + Frug.. (18)

Proposition 3.1 Consider the SSM, (1) and (2).
The term pz (k) is given by

pr(k) = OLAT OYye_ 14110
+0 vk —gy1ja4L + Pruk—gpig—1, (19

where (93 = (O;OJ)‘IOE' is the Moore-Penrose
pseudo-inverse of Oy, (5). The term pr{k) is com-
pletely known, i.e., it depends upon the process
model, known past and present process output
variables, known past process control input vari-
ables and past, present and future external input
variables (assumed to be known). py (k) can be
interpreted as the autonomous process response,
Le. putting future inputs equal to zero in (18).

Given the quintuple matrices (4, B, C, D, F). The
matrices in (18) and (19) can be computed as
follows. We have one matrix P; which is related
to past control inputs and one matrix F;, which is
related to present and future control inputs.
FrL=[0.B %) € RImxLr

_ d Iyt qd Lmx(J-1§20)
PL=0LAC;_ - O,A’OTHS € R .

The matrix 83 € RE™*7+L in (19) is given by

fr=[oclcs-ATobmsy my]. ()

If desired, we can write 8} = [ P F} ] where the
sub-matrix P} € RLm*X(7=1)l jg related to past ex-
ternal inputs and the sub-matrix Fj € REm> (L+1)!

. +i8 related to current and future external inputs.

Fi =[0,C-0,A700ES 3 ] 2)
P =0LAC)_, — OL AT OV ;10 (J - 1)$f

and where Ej is the last J-th block column of
matrix #3. Note that B} = 0 when F = 0 in (2).

Proof. See Section 3.3. O

Proposition 3.2 Consider the ESSM, (10), (14)-
(17). The term pr(k) is given by

pr(k) = Afyk—L+1|L
+BLvk—r41)2L + Prtg_pry1L-1. (23)

Given the ESSM double matrices (Ar, BL,). A pro-
cedure for defining the prediction model matrices
Fp and Pp from the ESSM matrices is given as
follows. Define the impulse response matrices

def
H =

Ai,_IBL € RmeLr_ (24)
The prediction of future outputs can be expressed
in terms of sub-matrices of the impulse response
matrices (24). Define a (one block column) Hankel
matrix from the impulse response matrices H; in
(24) for i =1,...,L as follows

H,y Hyy Hyp -+ Hyg
H, Hyy Hag -+ Hyp

Hy Hpy Hpp - Hpp,

- 306 -




where the sub-matrices H;; € R¥™*", Matrix Fy,
is computed from the upper right part of (25),
including the main block diagonal, of the Hankel
matrix. The first block column (sub-matrix) in Fy,
is equal to the sum of the sub-matrices on the main
block diagonal of the Hankel matrix. The second
block column (sub-matrix) is equal to the sum of
the sub-matrices on the block diagonal above the
main block diagonal, and so on. That is, the ¢-th
block column in matrix Fy, is given by

L—i+1
Fii= Y Hjjpi-1 Yi=1-- L (26)
J=1

The block columns in Py, are given from the lower
left part of the Hankel matrix (25). The first block
column is given by the lower left sub-matrix in
(25), i.e., Hp1. The i-th block column is given by

i
Piy=) Hijpp-ij Yi=1--,L-1 (27)

i=1

Given the ESSM matrices (A~L,C~’L). The matrix
B3 in (23) is computed as follows. Define
A ACIG, @ REMXEADL(9g)

and the following (one block column) Hankel mat-
rix by using A; (28) fori=1,..., L,

Ay Ay Az o M A nn
A.g _ 1\2{ AM' Ag,[,. A?.L-i-l. 29)
AL Ary Apa -+ Arp Ap,p4a

Then we have
pr=[PL Fi], (30)
Fi=[Fi’,1 - Py FiL Ff,L+1], (31)
Pi=[Pf,1"'Pf,i"'Pf,L-l]y (32)

where the i-th block columns in F} and P} are
given by

L-itl

Fi’,i= Z Aj,j+,'_1 Vi:l,--~,L+1,(33)
=1

Pli=Y Ajyroig Yi=1--,D~1 (34)
ji=1

Proof (outline). In order to express the right hand
side of (10) in terms of future control inputs we
write (10) as an L-step ahead predictor.

it
Ykt = A Yk-L41{L

L L
+ Z Aivp—it1|L+1 + ZHiuk—i+1|L, (35)

i=1 =1

where we have used (24) and (28). The first term
on the right hand side of (35) depends on known

past and present output data (yk—r+1, -, Yk)
The second term depends on known past, present
and future external inputs (Vg—r4+1, -, Vg, -+, VksL),

e.g. measured noise variables, reference vari-
ables etc. The third term depends on past,
present and future control input variables, i.e.
(Uk—L+41," "y Uk, ", UstL—1). Theright hand side
of (35) can be separated into two terms, one term
which is completely described by the model and
the known process variables and one term which
depends on the, at this stage, unknown future
control input variables, Hence, the PM follows. O

We have illustrated a method for extracting the
impulse response matrices DA’ B for the system
from the ESSM matrices Ay, By,. Hence, this side
result can be used to compute a minimal SSM
realization for e.g. a polynomial model.

3.2 Prediction model in terms of process deviation
variables

Define the following prediction model

etrir = pL (k) + FP Auyr, (36)

where F{ is lower triangular. p2 (k) can be inter-
preted as the autonomous process response, i.e.
putting future input deviation variables equal to
zero in (36).

Proposition 3.3 Given the SSM (1) and (2),
then, p2 (k) = pr(k) + Frcug—1 and FR = FLS.

Proof. Substitute (8) into (18). O

Proposition 3.4 Consider the ESSM, (10), (14)-
(17). Define

L
PR = yhoranr + O AL)Ave s

i=1

+01 Avg_p o + PLOug_pyry-1. (37)
Given the ESSM maltrices (AL, BL) Define

i
Hi déf ZAi_lBL € RmeLr. (38)
j=1
The procedure for computing F{* and Py, is the
same as that presented in Proposition 3.2, (25)-

(27), but with H; in (25) as defined in (38). Hence,
the i-th block column in FB is given by (26).

Given the ESSM matrices (Ar,Cp). Define
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AE ST AL e REMXAHDL (39)
=t
The matrix 8} in (37) is computed from (29)-(34)
but with A; as defined in (39). -

Proof (outline). The ESSM (10) can be written
in terms of control changes as follows

L
Yk+1lL = Yk—L41|L + (Z AL)Ayk_Lt1L

i=1

L
+ Z AiAvg i1 + ) HilAug_i41)1,(40)

i=1 i=1

where we have used (39) and (38). The PM (36)
and the algorithm follows. D

The PM (36) is attractive in order to give offset
free MPC. The PM used by GPC can be derived
from Proposition 3.4 with J = L;, and ESSM
matrices (15), (16) and (17).

3.3 Analyzing the predictor

Consider in the following the SSM in (1) and (2).
There is no explicit expression for the present
state estimate &, in the predictor (18), (19) and
(20). As an alternative the predictions can be
computed by the SSM provided an estimate of
the present state is available. In the following we
will show that these two prediction strategies are
equal provided that the current state equals a least
squares estimate. This also illustrates the proof of
the PM in (18), (19) and (20).

For simplification purposes we omit the external
input v in the following derivations. Further, we
only consider the case in 3.1. Including the ex-
ternal input v and deviation variables, respect-
ively, can be done in a straightforward manner.

Proposition 3.5 The predictions yj 1|z using (1)
and (2) equal the predictions using (18), (19) and
(20) if the current state estimate is computed by

Zx = argminV, (41)
E

where

1 .
V=3 | Yemsgrs = emsina I (42)

and where J > Ly, and §x. 4117 denotes the
past and current model output data.

Proof. The proof is divided into 3 parts.

Part 1: Deriving an equivalence condition

We first derive an expression for the predictor
Yk+1)L- From (1) we have the M-step ahead pre-
dictor

ey = AMay + Chrupn. (43)

. Using (2), (5), (20) and (43) for M =1,..., L we

have

Yet1jL = OpAzg + Fruyp. (44)

By (44) and (18) the predictions yy.1); are equal
if and only if Op Az, = pg (k). Inserting for pp,
(19) and (20), we obtain the following condition
for equivalence of the two predictors.

OrAzy, = OLAJO_T)yk—J+1|J
+H(OLACS_ — OLATOY MY uk_ g 1)5_,. (45)

Part 2: Computing the least squares estimate
By (1), (2), (5) and (7), we obtain

Ye—gt1s = Oszp_gp1 + %gukﬁj+l|J_1. (46)

Putting Ye—Jd+i|lg = gk_J_l_l“ defines the least
squares problem and objective (42). The least
squares estimate of &x_ 41 is given by

k-1 = O Wrmsp11s — Ho U r4110-1).(47)

Tﬁé estimate Z,_749 can be transferred to the

current estimate & by the SSM. First, similar to
(43) we have

N d
T = A" Bp_ g1+ CI_ Uk yp1)-1-

Using (47) gives

&g = AJ-IOTJ?}k—J+1|J
+(Chy ~ AT 0N U kg y1o1. (48)

The least squares estimate is clearly a minimum

) 2 : = .
since a%-‘f;— = (9310; is a positive matrix.

Part 3: Using the least squares estimate for &y, i.e.
(48), guarantees that (45) hold. O

4. BASIC MPC ALGORITHM
4.1 The control objective

A discrete time LQ objective can be written in
matrix form as follows

Tk = W11z ~ mr11L) T Q(Wh+1iL — Trt1L)
+AuZ|LRAuk|L + uaL’PuHL, (49)

where 74y is a vector of future references,
Yk+1)L 1s a vector of future outputs, Auyy is a
vector of future input changes, and uk|L is a vector
of future inputs. @, R and P are (usually) block
diagonal, time varying, weighting matrices.
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4.2 Computing optimal control variables

Consider the problem of minimizing the objective
(49) with respect to the future control variables
ug|z, subject to a linear model and linear out-
put/state and input constraints. The objective Jj
may be written in terms of uy|r. The future out-
puts Ye41jz can be eliminated from the objective
by using the PM (18). The deviation variables
Auyyp may be eliminated from Ji by using

AulezS’luHL—S‘lcuk_l, (50)

where S and c are given in (9. Substituting (50)
and the PM (18) into the objective (49) gives a
QP problem with solution

u,*"L = arg Zzu?insbi Tk, (51)
where Zy = 2871, b2 = b, + ZS Lcug_1, Z and
by as in (53). For unconstrained control a closed
form solution exists. A control horizon N, can be
included by the use of selection matrix in the PM
and a modified Ji. The optimal control u,‘;, N, s
obtained similarly as (51) but with a truncated
matrix Ff.

4.3 Computing optimal control deviation variables

Consider the problem of minimizing (49) with
respect to the future control deviation variables
Auy) 1, subject to a linear model and linear con-
straints. The future outputs yx,1z may be elim-
inated from Jj by using the PM (36). uyr may be
eliminated from (49) by using {8). The minimizing
solution to the linear MPC problem is

Augy, = arg min_ Jk, (52)

Augyr by

where the matrices Z and by may be defined as

max
ukIL — CUk.-1

] min
-8 -'“»le + cug—y
Ipe Au',:‘ﬁ"
Z = , by = 4 F 53
~op [+ B - duin (53)
FE Ve —PL (k)
—Fu ~yri + 2 (R)

For unconstrained optimal control we have

Aujy = —(R+ FATQFf + STPS) ™!

[FATQ(pf (k) — rtaie) + ST Peux—1}, (54)
where usually Ff = FpS. Assume P = 0.
The optimal control Auj, gives offset free control

in steady state. This can be argued as follows:
assume that the closed loop system is stable. In

steady state we have from (37) that p2 (k) = yand

Auyr, = 0. From the expression for the optimal
control change Auy, = 0 we must have that
y =r, i.e. zero stea(ly state offset. It is assumed
that (R+ F{QFL)~'FF @ is of full column rank,
and that rx and v, are bounded as k — oo. If Tk
and v are not bounded, they should be modeled
and the model included in the process model.

5. CONCLUSIONS

A framework for computing MPC controllers is
presented. The algorithm in this paper (EMPC),
the GPC algorithm and the predictive dynamic
matrix control (DMC) algorithm, etc., fit into this
framework. Different linear MPC algorithms are
based on different linear process models. However,
these algorithms are using a prediction model
(PM) with the same structure. The only difference
in the PM used by the different algorithms is the
autonomous response term pz (k) in (18) or p# in

(36).

An algorithm for computing a PM from different
linear models is presented. The EMPC algorithm
can be derived directly from the SSM or from
any linear model via the ESSM matrices A,
Bp and Cjp,. These matrices can be constructed
directly from an linear SSM or an input and
output polynomial model. Hence, the ESSM can
be viewed as a unifying model for linear model
based predictive control.

A new identification horizon is introduced in the
MPC concept. The input and output relationship
between the past and the future (18)-(21) which is
introduced for MPC in this paper is an improve-
ment with respect to existing literature.
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