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ABSTRACT
A novel method for obtaining PI controller parameters
Kp = α

kτ , and Ti = βτ , which ensures a given prescribed
maximum time delay error dτmax, to time delay τ , ratio
parameter δ =

dτmax
τ , is presented. The corner stone in

this method, is a method product parameter c̄ = αβ. An-
alytical relations between the PI controller parameters Ti,
and Kp, and the time delay error parameter δ, is presented,
and we propose the setting β = c̄

a (δ + 1), and α = a
δ+1 ,

which gives Ti = c̄
a (δ + 1)τ , and Kp = a

(δ+1)kτ , where
the parameter a, is constant, and computed as a function of
c̄ = αβ. For a prescribed δ, we find that a method product
parameter c̄ = 2.0 is optimal in the sense that Ms is mini-
mized.
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1 Introduction

This paper is concerned about PI controller tuning based on
integrator plus time delay models. Such processes are im-
portant in industry, see e.g. Chien and Fruehauf (1990),
Tyreus and Luyben (1992) and Skogestad and Grimholt
(2012). Most PI controller tuning rules for integrating plus
time delay processes may be formulated in the following
setting

Kp =
α

kτ
, Ti = βτ, (1)

where Kp, is proportional gain, Ti the integral time, k is
the gain velocity or the slope of the integrator, and τ is the
time delay. Here α and β are dimensionless parameters,
which may be related to each other. Using the classical
tuning rules by Ziegler and Nichols (1942), α = 0.71 and
β = 3.33. Using the IMC tuning rules in Chien and Frue-
hauf (1990) with closed loop time constant Tc =

√
10τ ,

as proposed in Tyreus and Luyben (1992) gives parameters
α = 0.42 and β = 7.32. Using the SIMC tuning rules Sko-
gestad and Grimholt (2012), with Tc = τ , gives α = 0.5
and β = 8.

From eq. (1) we define a method product parameter
c̄, as

c̄ = αβ. (2)

Notice that c̄ = αβ = KpkTi holds for the setting in
eq. (1). The parameter c̄, in eq. (2) is constant for many
methods. The SIMC PI settings, Skogestad and Grimholt
(2012), gives c̄ = αβ = 4. The original Ziegler Nichols
(ZN) method gives c̄ = αβ = 2.38. A question investi-
gated in the paper is how c̄, may be chosen such that the
feedback system ensures some optimal performance or ro-
bustness setting, e.g. a PI controller setting which gives
a minimum IAE or sensitivity index Ms, for some fixed
robustness, here in terms of the relative delay error. Se Fig-
ure 1 for an illustration of this. Based on this c̄, may be
viewed as a performance parameter because it is influenc-
ing upon the performance, for a prescribed relative delay
error. Instead of choosing the closed loop time constant
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Figure 1. Sensitivity index, Ms, as a function of c̄ = αβ

for constant robustness. Process, hp(s) = k e
−τs

s and con-
troller hc(s) = Kp

1+Tis
Tis

with tuning in Alg 3.1.

Tc, we specify some sensitivity or robustness measure. It
makes sense to focus on the gain crossover frequency, the
phase margin and the corresponding maximum time delay
error. A question also investigated in this paper is whether
we may deduce PI controller tuning rules where c̄ ≤ 4,
without reducing margins. One also may focus on the max-
imum peakMs, of the sensitivity function as also described
in Åström and Hägglund (1995). The Ms sensitivity mea-
sure is noticed upon in connection with some of the results
and examples in this paper.

The contributions of this paper may be itemized as
follows:

• A method for tuning PI controller parameters α, and
β, in eq. (1) based on integrator plus time delay mod-
els, such that the resulting closed loop system obtains
a prescribed maximum time delay error dτmax, to
time delay τ , ratio δ =

dτmax
τ , is presented in Sec.

3. This method has two tuning parameters, δ and c̄.



• We propose optimal settings for c̄ such that the sen-
sitivity index Ms and the Integrated Absolute Error
IAE, index are minimized, for a prescribed δ.

The rest of this paper is organized as follows. In Sec.
2 some basic theory and definitions used throughout the
paper are presented. In Sec. 3 we deduce analytical results
concerning the maximum time delay error and propose PI
controller tuning rules in terms of a prescribed maximum
time delay error. In Secs. 4 and 5 we give a discussion
of how to find the PI controller parameters such that the
closed loop system gets some optimal settings, e.g. min-
imizing the sensitivity index and the Integrated Absolute
error (IAE). Conclusions follow in Sec. 6.

2 Preliminary Theory

Consider a system approximated with a first order plus time
delay model

hp(s) = K
e−τs

1 + Ts
, (3)

where, K, is the process gain, T the time constant or time
lag and, τ , the time delay.

The system eq. (3) may be defined as lag dominant
when T > τ which is the case for many systems. It is well
known that when T � τ then eq. (3) may be approximated
with a pure integrator plus time delay model and the con-
troller tuning could be based on this approximation, Chien
and Fruehauf (1990), Tyreus and Luyben (1992).

When the system is lag dominant and T “large” we
may approximate eq. (3) as an integrator plus time delay
system

hp(s) = k
e−τs

s
, (4)

where k = K
T is the slope of the integrator, i.e., the gain

velocity and τ the time delay. We will focus on PI con-
troller tuning based on the integrator plus time delay model
eq. (4).

The SIMC PI settings for eq. (4) are

Kp =
1

k(Tc + τ)
, Ti = 4(Tc + τ), (5)

and with the robust simple choice for the time constant for
the set-point response Tc = τ , we obtain the SIMC settings

Kp =
1

2kτ
, Ti = 8τ. (6)

Furthermore, notice that if the SIMC method s used,
then the PI controller tuning becomes the same, whether
the tuning is based on the lag dominant model eq. (3) or
the integrator plus time delay model approximation eq. (4),
when min(T, 4(Tc + τ)) = 8τ and Tc = τ . This also
implies that most methods which are constructed for inte-
grating plus time delay systems may work well for time lag
dominant systems.

3 Tuning for Maximum Time Delay Error

In order to get some insight into the Phase margin PM , of
the closed loop system and the maximum time delay error
dτmax, we work out some analytic results in the following,
which lead to some interesting results.

Consider an integrator plus time delay system
hp(s) = k e

−τs

s , where k is the Gain velocity and τ the
time delay, and a PI controller. The loop transfer function
h0(s) = hc(s)hp(s), is

h0(s) = Kp
1 + Tis

Tis
k
e−τs

s
. (7)

The frequency response is given by h0(jω) =
|h0(jω)|ej∠h0(jω), where the magnitude is given by

|h0(jω)| = Kpk

Tiω2

√
1 + (Tiω)2, (8)

and the phase angle as

∠h0(jω) = −τω − π + arctan(Tiω). (9)

First we find the Gain crossover frequency ωc, analyti-
cally such that |h0(jω)c| = 1. From this we find ana-
lytic results for the Phase margin PM = ∠h0(jωc) + π,
and the maximum time delay error dτmax, such that 0 =
PM − dτmaxωc, in the following. Define a factor f , as

f =
1 +

√
1 + 4

(KpTik)2

2
. (10)

The Gain crossover frequency is analytically given by

ωc =
√
fKpk. (11)

A proof of eq. (11) is given in Ruscio (2010). Let us use
the defined expressions for the PI controller parameters as
in eq. (1), and we find

f =
1 +

√
1 + 4

(αβ)2

2
. (12)

Notice in connection with eq. (12) that f is constant when

the product parameter αβ def
= c̄ is constant. The Gain

crossover frequency is then given by

ωc =
√
f
α

τ
. (13)

We find the Phase margin in radians, analytically as

PM = −
√
fα+ arctan(

√
fαβ), (14)

and the maximum time delay error analytically as

dτmax =
PM

ωc
= δτ. (15)



where coefficient δ, is defined as

δ =
−
√
fα+ arctan(

√
fαβ)√

fα
=

arctan(
√
fαβ)√

fα
− 1. (16)

We find that the maximum time delay error dτmax, is pro-
portional with the time delay τ , with proportional coeffi-
cient δ, defined above.

The above states that the ratio dτmax
τ = δ is a func-

tion of the PI controller parameters β and α in eq. (1), i.e.
δ = f(α, β).

Consider now the case in which the product c̄ = αβ,
is constant, then eq. (16) may be written as

δ = a
1

α
− 1, (17)

and

δ =
a

c̄
β − 1, (18)

where the parameter a, given by

a =
arctan(

√
fαβ)√

f
, (19)

is a function of c̄ = αβ and constant. Notice that the pa-
rameter f , is defined by eq. (12).

We have the following algorithm.

Algorithm 3.1 (Max time delay error tuning)

Define the method product parameter

c̄ = αβ. (20)

From this we may express β, as a linear function of a pre-
scribed δ > 0, in order to ensure stability of the feedback
system. We have

β =
c̄

a
(δ + 1), (21)

where parameter a, is defined in eq. (19). Notice that α,
then is found as

α =
c̄

β
=

a

δ + 1
. (22)

Or equivalently in terms of the PI controller parameters

Ti =
c̄

a
(δ + 1) τ, (23)

Kp =
a

kτ(δ + 1)
. (24)

This is a useful result. Algorithm 3.1 and eqs. (21)
and (22), may be used in connections with methods in
which the product c̄ = αβ is constant, in order to find the
PI controller parameters Ti = βτ and Kp = α

kτ such that

the closed loop system has a prescribed maximum time de-
lay error ratio δ =

dτmax
τ . Or, in other words the above

states that the PI controller parameters α and β may be ex-
pressed in terms of the method dependent product parame-
ter c̄ = αβ, and the maximum time delay error dτmax, to
time delay τ , ratio parameter δ. Se Ruscio (2010) for some
examples regarding ZN tuning and the tuning method in
Alg 3.1. Probably, the most important with a PI controller
setting, is the robustness against model uncertainty, in con-
nection to reasonable fast and smooth closed loop set-point
and disturbance responses. A maximum time delay error
of about dτmax = 1.6τ , seems reasonable. This is ap-
proximately, equal to the maximum time delay error for
the SIMC setting dτmax = 1.59τ . One idea, is to find the-
oretical arguments for setting the product parameter c̄, such
that the closed loop system obtains some optimal settings,
e.g. minimize Ms for a prescribed δ.

The method parameter c̄ = αβ, may be viewed as
a tuning parameter. SIMC are using a product parameter
c̄ = 4, and the corresponding Gain margin is as low as
GM ≈ 2.96, but the maximum time delay error seems ac-
ceptable, i.e. dτmax = 1.59τ . This setting gives a rel-
atively slow disturbance rejection, as commented upon in
Ruscio (2010). Hence, we may view c̄ = 4 as an upper
limit for this parameter. Simulation experiments show that
a lower limit before oscillations (a relative damping less
than one) is approximately c̄ = 2.4, (on an integrator model
with gain velocity k = 1 and time delay τ = 1). Based on
the investigations in this paper we propose a relatively wide
range for the method product parameter c̄, to be chosen ac-
cording to

1.5 ≤ c̄ ≤ 4. (25)

For a prescribed δ, we find that a method product parame-
ter c̄ = 2.0 is optimal in the sense that Ms is minimized.
This is found from simulation experiments and illustrated
in Figure 2.
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Figure 2. Process, hp(s) = k e
−τs

s and controller hc(s) =

Kp
1+Tis
Tis

with k = 1 and τ = 1. Ms as a function of 1.5 ≤
c̄ ≤ 4 and δ. c̄ = 2.0 is optimal and Ms is minimized.

Furthermore we propose to choose the maximum time
delay error ratio δ > 0 in order to ensure stability, and
choosing δ in the range

1.1 ≤ δ ≤ 3.4, (26)



for robustness and in order to ensure 1.3 ≤ Ms ≤ 2.0,
seems reasonable (Åström and Hägglund (1995) p. 125).
See Figure 2 for illustration. Notice also that the Phase
Margin is in the range 31.4◦ ≤ PM ≤ 59◦ when choos-
ing the tuning parameters c̄ and δ from eqs. (25) and (26).
From eqs. (15) and (11) we find

PM = δ
√
fα, (27)

for the phase margin in radians. Hence, prescribing a max-
imum time delay error ratio δ, ensures a prescribed phase
margin because f is constant in the method parameter c̄.

4 Recommendations for the Tuning Parame-
ters in Alg 3.1

We have found that it makes sense to choose the maximum
time delay error ratio in the range 1.1 ≤ δ ≤ 3.4 and the
method product parameter in the range 1.5 ≤ c̄ ≤ 4. Some
optimal default settings for the method product parameter c̄
and the maximum time delay ratio parameter δ are as pro-
posed in the following.

In order to characterize the error, e = r − y, from
load disturbances and set-point responses we use the In-
tegrated Absolute Error, IAE =

∫∞
0
|e|dt, for the en-

tire simulation horizon, measuring both the set-point re-
sponse and disturbance response. In order to measure only
the set-point response we define an index IAEr, and in
order only to measure the response from the load distur-
bance we define an index IAEv . In order to initially have
less weight on the set-point response error we illustrate
the Integrated Time weighted Absolute Error, ITAE =∫∞

0
t|e|dt, for the entire simulation horizon as well as for

the set-point and disturbance responses, i.e. defining in-
dices ITAEr and ITAEv , respectively. We also illustrate
the Integrated Square Error, ISE =

∫∞
0
e2dt and the In-

tegrated Time weighted Square Error, ITSE =
∫∞

0
te2dt,

as well as the Total input Value, TV =
∑∞
k=1 |∆uk| where

∆uk = uk − uk−1. The sensitivity index Ms is also in-
cluded. Simulation results based on varying system param-
eters, i.e., varying gain velocity k and varying time delay
τ are performed. At the same time we use a prescribed
δ = 1.6 and vary the method product parameter in the
range 1.5 ≤ c̄ ≤ 4. The indices described above achieve
different minimum values for the method product parame-
ter, c̄. This is illustrated in Table 2.

Based on the simulation results we have the follow-
ing discussion with specifications for the method product
parameter, c̄.

• We have found that for robustness it makes sense to
choose c̄ = 2 because the sensitivity index is mini-
mized for this method product parameter (for a speci-
fied δ). See Fig. 2. This seems to be a system property,
independent of the system parameters k and τ .

• Simulation experiments shows that a lower limit be-
fore overshoot in the responses is for c̄ ≈ 2.4. In

many situations it is desirable to have an over-damped
response with no overshoot and a method product pa-
rameter c̄ = 2.5 seems advisable.

• Measures of the IAEv , ITAE and ITAEv indices
seems to achieve a minimum for c̄ = 2.4. If only a
fast load disturbance is specified then we propose a
method product parameter c̄ = 2.4. This setting will
also just avoid overshoot in the responses.

• In Fig. (3) and Table 2 we have illustrated the IAE,
as a function of the method product parameter c̄. The
IAE vary slightly around c̄ = 2.6 which is the mean
of the IAE values in Table 2. Hence, in order for the
PI controller tuning to give a small IAE for the en-
tire simulation horizon we propose to choose a method
product parameter c̄ = 2.6.

• In order to initially have less weight on the set-point
response error we illustrate the Integrated Time Ab-
solute Error, ITAEr =

∫∞
0
t|e|dt, for the set-point

response only. A minimum is obtained for c̄ = 2.6.
From these results we propose to choose a method
product parameter c̄ = 2.5.

• Locking at the IAEr index for the set-point response
only, we find a minimum for a method product pa-
rameter c̄ = 4 as used in the SIMC method. In order
to put weight on the IAEr only we propose to choose
the method product parameter c̄ = 4, and tunings sim-
ilar to the SIMC method. It is well known that for
set-point responses there will be a large initial error
Åström and Hägglund (1995) and it makes sense to
use the, ITAEr, index which put little weight on the
initial error, see Figure 3 and Table 1. As we see, in
order to have a small ITAEr index one should choose
c̄ = 2.6.

From the above discussion and our simulation results
we have the following Proposition 4.1 for choosing the tun-
ing parameters c̄ and δ in Alg. 6.1. See also Ruscio (2010)
and the tuning rules deduced in that paper. for justifications
of the recommended setting in Proposition 4.1.

Proposition 4.1 (Tuning parameters in Alg 3.1)
For a trade of between robustness, an over-damped closed
loop system, reasonable fast set-point and disturbance re-
sponses one may choose the method product parameter
c̄ = 2.5.

However the method product parameter may be cho-
sen freely in the range 1.5 ≤ c̄ ≤ 4, but the closed loop
system may be under-damped when 1.5 ≤ c̄ ≤ 2.4.

If only robustness is considered then one may choose
c̄ = 2.0 since the sensitivity index, Ms, is minimized (for a
prescribed δ).

A reasonable maximum time delay error to time delay
ratio parameter δ = 1.6 seems acceptable but may be cho-
sen in the range 1.1 ≤ δ ≤ 3.4, where a parameter δ = 3.4
gives a more conservative tuning.



Based on simulation experiments we propose the rec-
ommended settings for the method product parameter c̄ as
presented in Table 1.

Table 1. Recommended settings for the parameter c̄ when
one wants to minimize the indices Ms, IAEv , ITAEv ,
IAE, ITAEr and IAEr, respectively. A good trade
of between robustness, ensuring an over-damped closed
loop system, fast set-point and disturbance responses, is
to choose c̄ = 2.6. Here the Integrated Absolute Error,
IAE =

∫∞
0
|e|dt, measures both the set-point and the dis-

turbance responses. The index IAEv measures only the
disturbance response, and the index IAEr measures only
the set-point response. The Integrated Time weighted Ab-
solute Error, ITAEr =

∫∞
0
t|e|dt, measures only the set-

point response, and ITAEv only the disturbance response.
See Åström and Hägglund (1995) p. 128 for further details.

Ms IAEv ITAEv IAE ITAEr IAEr

c̄ 2.0 2.4 2.4 2.6 2.6 4.0

Table 2. PI-controller settings for system, hp(s) = k e
−τs

s ,
with varying, k, and time delay τ ≥ 0. Illustrations of
c̄min = arg minc̄Ms i.e., i.e., the minimum of the Ms,
IAEv , ITAE, ITAEv and IAE indices as a function of
c̄, with PI controller settings from Alg. 3.1.

k τ Ms IAEv ITAE ITAEv IAE

1 0.1 2.0 2.45 2.45 2.45 2.8
1 0.3 2.0 2.4 2.45 2.4 2.6
1 0.5 2.0 2.4 2.45 2.4 2.55
1 1 2.0 2.4 2.4 2.4 2.5
1 2 2.0 2.4 2.4 2.4 2.45
1 4 2.0 2.4 2.4 2.4 2.45
0.1 1 2.0 2.4 2.5 2.4 2.8
0.1 2 2.0 2.4 2.45 2.4 2.6
0.1 4 2.0 2.4 2.45 2.4 2.55

5 Performance cost function

Define a performance objective as follows

J = sr
IAEr
IAEor

+ (1− sr)
IAEv
IAEov

, (28)

where we define a servo-regulator parameter, 0 ≤ sr ≤
1, for the possibility of trade off weighting between pure
set-point (servo) weighting, sr = 1, and pure disturbance
(regulator) weighting, sr = 0. Furthermore, we obtain the
performance objective defined in Skogestad and Grimholt
(2012) with sr = 0.5.

Table 3. PI-controller settings for system, hp(s) = k e
−τs

s ,
with varying, k, and time delay τ ≥ 0. Illustrations of
the minimum of the ITAEr, ITSE, ISE, TV and IAEr
indices as a function of c̄, with PI controller settings from
Alg. 3.1.

k τ ITAEr ITSE ISE TV IAEr

1 0.1 2.65 3.35 4.0 4.0 4.0
1 0.3 2.65 3.15 4.0 4.0 4.0
1 0.5 2.65 3.1 3.5 4.0 4.0
1 1 2.6 3.05 3.2 4.0 4.0
1 2 2.6 3.0 3.1 4.0 4.0
1 4 2.6 3.0 3.1 4.0 4.0
0.1 1 2.6 3.85 4.0 4.0 4.0
0.1 2 2.6 3.2 4.0 4.0 4.0
0.1 4 2.6 3.05 3.55 4.0 4.0
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Figure 3. PI control of process, hp(s) = k e
−τs

s with k = 1

and τ = 1. PI-controller hc(s) = Kp
1+Tis
Tis

with settings
as in Alg. 3.1. Sensitivity index Ms, IAE, IAEv and
ITAEr as a function of varying method product parameter
1.5 ≤ c̄ ≤ 4. and with prescribed δ = 1.6.
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with settings
as in Alg. 3.1. Indices IAEr, TV , ISE and ITAEv , as a
function of varying method product parameter 1.5 ≤ c̄ ≤
4. and with prescribed δ = 1.6.



The reference value IAEov = 15.10 where in Sko-
gestad and Grimholt (2012) computed by using the PI con-
troller which were minimizing the IAEv index for a spec-
ified Ms = 1.59 within a specified range for the integral
time. The corresponding IAEv optimal PI controller for
Ms = 1.59 is found to have parameters Ti = 5.8 and
Kp = 0.3967.

The set-point (servo) index IAEr will decrease with
increasing integral time so its minimum will be for Ti =
∞. The reference value IAEor = 2.17 may then be taken
equal to the servo index IAEr for the P controller which
gives Ms = 1.59, i.e. with Kp = 0.5.

We see from Figure 5 that the δ-tuning method is
approximately optimal and similar to the Ms optimal PI-
controller tunings. The SIMC tuning is as shown up to 10%
worse in performance compared to the δ-tuning method, as-
suming a servo-regulator parameter sr = 0.5.
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Figure 5. The performance index Eq. (28) with sr = 0.5
and reference values IAEor = 2.17 and IAEov = 15.09.
The performance parameter is approximately c̄ = 2.7 and
the relative delay error parameters δ are indicated along the
J,Ms curve.

Table 4. Recommended settings for the parameter c̄ when
one wants to minimize the performance cost J for differ-
ent servo-regulator parameters sr. The optimal c̄ values as
indicated are almost constant in the range 1.0 ≤ δ ≤ 3.4.

sr 0.0 0.1 0.25 0.5 0.75 1.0
c̄ 2.4 2.45 2.55 2.7 3.65 ∞

The minimization of the cost function (28) for the lim-
iting case with a servo-regulator parameter sr = 1 gives a
cost function J = IAEr

IAEor
. The problem of minimizing the

servo index IAEr is favored by using a PI controller with
Ti = ∞, i.e. a P controller. Letting the performance pa-
rameter c̄ → ∞ gives that the parameters in the δ-tuning
method becomes f = 1, a = π

2 and hence a P-controller
with proportional gain

Kp =
π

2kτ

1

δ + 1
(29)

The above result is interesting and useful also because it
directly gives us a δ-tuning integral controller hc(s) =

Kp
s

for a pure time delay process hp(s) = ke−τs, where the
integral gain Kp is given in Eq. (29).

6 Concluding Remarks

A new algorithm for PI controller tuning of the parameters
α and β in the integral time Ti = βτ , and the proportional
gain Kp = α

kτ , is presented. In this method the parame-
ters α and β are functions of a method product parameter
c̄, and a prescribed maximum time delay error dτmax, to
time delay τ , ratio δ =

dτmax
τ . We propose the setting

β = c̄
a (δ + 1), and α = a

δ+1 , where the parameter a, is
constant in the method product parameter c̄ = αβ. Based
on the investigations in this paper we propose a relatively
wide range of the method product parameter c̄, to be cho-
sen according to 1.5 ≤ c̄ ≤ 4. Prescribing the maximum
time delay error ratio δ > 0 in order to ensure stability,
and choosing δ in the range 1.1 ≤ δ ≤ 3.4 for robustness
and in particular δ = 1.6 seems reasonable. Furthermore,
for a prescribed δ we found that the sensitivity index Ms

is minimized for c̄ = 2.0. We also find that the total IAE
is approximately minimized for c̄ = 2.5 which also is our
recommended setting for the method product parameter.

This method has two tuning parameters c̄ and δ, which
gives flexibility for tuning. The PI controller tuning in Al-
gorithm 3.1 presented in this paper is approximately per-
formance optimal as illustrated in Figure 5.
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